
MATH 151, FINAL EXAM
Winter Quarter, 21 March, 2014

Time: 3 hours, 8:30-11:30

Instructions:

(1) Write your name in blue-book provided and sign that you agree to abide by

the honor code.

(2) The exam consists of 6 questions, each worth 15 points. The breakdown of points appears

at the beginning of each question. Read all questions carefully and answer in the blue book.

(3) All work must be shown for full credit.

(4) Permitted materials: You may use homework, class notes, calculator and use or cite the

text book.
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Question 1 (5+5+5)

There are two urns, one urn containing 3 black balls and 6 white balls, while the other urn

contains 100 white balls. An urn is selected uniformly at random and then a ball is drawn

uniformly at random from the chosen urn.

(a) What is the probability that the drawn ball is black?

(b) If a black ball was drawn then it is thrown away, whereas if a white ball was drawn

it is returned to its original urn. After that, a second ball is drawn as above (that is, first

selecting an urn uniformly at random, then a ball uniformly from it). What is the probability

that the second ball is black?

(c) Suppose that the first drawn ball was white and returned to its original urn. What is

the probability that another ball drawn from that same urn, will be black?

Question 2 (3+4+4+4)

Suppose continuous random variables X and Y have the joint probability density function

fX,Y (x, y) = c(y − x) for 0 < x < y < 1.

(a) Find the value of c.

(b) Find P(Y > 2X).

(c) Find the marginal density fY (y) of Y .

(d) Find E[Y ].

Question 3 (5+5+5)

A fair die is rolled 720 times.

(a) Use normal approximation to find the probability that the number of times in which the

die lands on face 6, is strictly between 100 and 140.

(b) Suppose this die landed on face 6 in precisely 95 of its 720 rolls. What is then the

probability that it landed on face 5 in at most 140 among these 720 rolls?

(c)What is the least number of times you need to roll such fair die in order for the proportion

of times it lands on face 6 be in the interval [1−0.04
6

, 1+0.04
6

] with probability at least 0.95?
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Question 4 (3+4+4+4)

Suppose random variables Xi, i = 1, 2, . . . , n have mean 0, variance 1 and are (pairwise)

uncorrelated. That is, Cov(Xi, Xj) = 0 for any i 6= j. Let Sn =
∑n

i=1
Xi and find the values

of:

(a) E[Sn].

(b) Var[Sn].

(c) The limit as n → ∞ of P(|n−1Sn| ≥ nǫ) for any fixed ǫ > 0.

(d) The correlation Cor(X1 −X2, X2 +X3).

Question 5 (3+4+4+4)

Suppose X and Y are independent, continuous, non-negative random variables of densities

fX(x) and fY (y).

(a) What is the joint density fX,Y (x, y) of (X, Y )?

(b) Show that the density fZ(z) of Z = X/Y is given by fZ(z) =
∫
∞

0
yfY (y)fX(yz)dy.

(c) Find the distribution function FZ(z) of Z = X/Y in case X and Y are independent

exponential random variables of parameter 1.

(d) Let qn(x) = P(maxni=1Xi ≤ logn + x) for independent exponential variables Xi, i =

1, 2, . . ., of parameter 1. Compute qn(x) for each fixed x and positive integer n, then find

the limit of qn(x) when n → ∞.

Question 6 (5+5+5)

Jack and Jill eat lunch together. Jack arrives at 12:00+T, where T has an exponential

distribution with a mean value of 2 minutes. Every whole minute, starting at

11:57AM, Jill’s watch makes one ”beep” sound. Jill independently notices each ”beep” with

a chance p = 0.2 and arrives exactly 3 minutes after she first noticed a ”beep”.

(a) What is the probability of both Jack and Jill arriving before 12:03PM?

(b) What is the probability that Jack arrives before Jill?

(c) Their bill is settled by flipping fair coin n = 5 times during lunch, with Jill paying the

bill if there is a string of k = 3 consecutive heads among these n coin flips, and otherwise

Jack pays it. Who is more likely to pay the bill, Jack or Jill?
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