
MATH 151, FINAL EXAM
Winter Quarter, 16 March, 2015

Time: 3 hours, 12:15-3:15

Instructions:

(1) Write your name in blue-book provided and sign that you agree to abide by the

honor code.

(2) The exam consists of 6 questions. The breakdown of points appears at the beginning of each

question. Read all questions carefully and answer in the blue book provided.

(3) All work must be shown for full credit.

(4) Permitted materials: You may use homework, class notes, calculator and use or cite the text

book.

Question 1 (5+5+6)

An urn contains 3 red and 6 blue balls. Balls are drawn uniformy at random (regardless of their

color), and after each ball is drawn from the urn and its color examined, it is returned to the urn

together with an additional ball of the same color.

(a) What is the probability that the first and the second drawn balls are both red?

ANS: Let R1 be the event that first ball is red and R2 the event that second drawn ball is red.

Note that conditional on R1 we have 4 = 3 + 1 red and 6 blue balls when the second ball is drawn.

Hence P(R1) = 3/9 = 1/3 and P(R2|R1) = 4/10. The probability in question is thus

P(R1

⋂
R2) = P(R1)P(R2|R1) =

3

9

4

10
=

2

15
.

(b) What is the probability that at least one of the first two drawn balls is red?

ANS: Similarly defining B1 = Rc1 and B2 = Rc2 we now see the probability of R1
⋃
R2 which can

also be written as the union of the disjoint events R1 and B1 ∩ R2. Conditional on B1 we have 3

red and 7 = 6 + 1 blue balls when the second ball is drawn. Hence, P(R2|B1) = 3/10 leading to

P(R1

⋃
R2) = P(R1) + P(B1)P(R2|B1) =

3

9
+

6

9

3

10
=

8

15
.

(c) What is the probability that the third ball drawn is blue, given that exactly one of the first

two drawn balls is red?

ANS: We condition on the event BR := (R1 ∩ B2) ∪ (B1 ∩ R2) and ask about P(B3|BR). The

problem is much simplified upon observing that the event BR results after the first two drawings

with exactly 4 = 3 + 1 red and exactly 7 = 6 + 1 blue balls. Hence, P(B3|BR) = 7/11.

Question 2 (6+6+6)
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A random variable X has the cumulative distribution function:

FX(x) =


d if x ≤ −1

a+ bx− 1
4x

3 if − 1 < x < 1

c if 1 ≤ x

for some constants a, b, c, d.

(a) Determine the values of a, b, c, d for which X has a probability density function fX(x) and find

this density function.

ANS: We need the c.d.f. to start at FX(−∞) = 0 and end at FX(∞) = 1. This implies that

d = 0 and c = 1. A necessary condition for X to have a p.d.f. is that x 7→ FX(x) be continuous.

Considering such continuity of FX(x) at x = −1 we must have

0 = d = FX(−1) = a− b+
1

4
,

and similarly, the continuity of FX(x) at x = 1 requires to have

1 = c = FX(+1) = a+ b− 1

4
.

The only solution for these two linear equations is a = 1/2 and b = 3/4. Now recalling that

fX(x) = dFX(x)/dx, we find that

fX(x) = [b− 3

4
x2]1|x|<1 =

3

4
(1− x2)1|x|<1 .

(b) Find the value of E[X].

ANS: The formula we use is E[X] =
∫
xfX(x)dx. In our case fX(x) = fX(−x) so the integral is

zero (no need to compute it). That is, E[X] = 0.

(c) Another random variable Y , defined on the same probability space as X, is such that:

fX,Y (x, y) =

m+ nx2y if − 1 < x < 1, 0 < y < 1

0 otherwise

for some constants m and n. Find the marginal denisty fY (y) of Y and the value of p = P(Y < 1/2)

(partial credit for answer in terms of m and n).

ANS: Integrating over y we find the marginal density of X which is fX(x) = m+ n
2x

2 for x ∈ (−1, 1)

and zero otherwise. Comparing with the density fX(x) of part (a) we deduce that necessarily

m = 3/4 and n = −3/2. Next, we can find the marginal density of Y by integrating the joint

density over x, from −1 to 1, and get that

fY (y) = 2m+
2

3
ny =

3

2
− y

for 0 < y < 1 and fY (y) = 0 otherwise. Integrating the p.d.f. of Y we get in turn its c.d.f.

FY (y) = 2my + 1
3ny

2 = y(3− y)/2, and the probibility in question is

p = P(Y < 1/2) = FY (1/2) = m+
n

12
=

1

2

5

4
=

5

8
.
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Question 3 (5+6+5+6)

Harry Potter tries to learn the biasedio spell, which when correctly cast on a coin, causes it to

thereafter land Head with the same probability Q, for some random Q uniformly distributed over

[1/2, 1]. Harry did not yet master the spell, so if he attempts casting the biasedio spell T times in

a given day, then independently, each time he casts the spell on that day, with probability pT = 2
T

it fails, leaving the coin unchanged in this case.

(a) On Monday, Harry casts biasedio spell for T = 4 times on the same fair coin. What is the

probability q that at least one of his biasedio spells was done correctly?

ANS: The probability that Harry fails to change the coin probability of landing Heard, in one of

his T = 4 castings on Monday, is p4 = 2/4 = 1/2. Consequently, the probability 1− q that all his

T = 4 independent castings fail is (1/2)4, resulting with q = 15/16.

(b) After casting these four biasedio spells, Harry flips the coin repeatedly until he observes a

Head. What is the expected number µ of flips in this experiment?

ANS: With probability q Harry managed to alter the coin probability to land Head to be Q.

In this case, the number N of flips till first Head appears is a Geometric random variable of

success probability Q, which itself is random and distributed U[0.5, 1]. The complementary event,

of probability 1 − q, keeps the coin fair and as a result has N which is a Geometric of success

probability 1/2. Recall that the mean of a Geometric is one over the success probability, hence

here

µ = qE[1/Q] + 2(1− q) = 2(1− q) + q

∫ 1

0.5

2

u
du .

Since
∫ 1
x u
−1du = − lnx, we find that for q = 15/16,

µ = 2(1− q) + 2q ln 2 =
1

8
+

15

8
ln 2 .

(c) On Tuesday, Harry casts the biasedio spell T = 100 times. What is the approximate probability

that his spell will fail exactly 3 times?

ANS: Having independent failures all with probability p100 = 2/100, the number FA of times

Harry’s spell fails has the Binomial(T, pT ) distribution. Here T � 1 and TpT = λ = 2 is not too

large. So, using the Poisson(λ) approximation for the Binomial distribution (of FA), in this regime,

we find that the probability in question is about

P(FA = 3) = e−λ
λ3

3!
=

4

3
e−2 .

(d) Neville casts the fairum spell on one of Harry’s coins. Neville is not good at magic, so instead

of making the coin fair, he just fixes the probability of it landing Head to some unknown constant

r in (0, 1). In the common room of Griffindor tower, Harry, Hermione and Ron, repeatedly flip

Neville’s coin many times. They conclude after awhile that the chance that Neville’s coin lands on

Head less than m = 41 times in n = 100 independent flips, is approximately P = 0.8413. Using

the Normal approximation, deduce the approximate value of r (full credit even if you find r only

within ±0.01 error).
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ANS: The number of times that Neville’s coin lands on Head is distributed as Binomial(n, r), so

the Normal approximation here is going to be P = Φ(z) where z = (m−0.5−nr)/
√
nr(1− r) (the

m − 0.5 is due to the continuity correction). The given value of P yields from the Normal table

that z = 1. With n = 100 and m = 41 we get for r the non-linear equation

10
√
r(1− r) = 40.5− 100r ,

which after dividing by 10 and taking the square of both sides transforms to the quadratic equation

r(1 − r) = (4.05 − 10r)2. Solving this equation (numerically, or by the formula), results with r

between 0.35 and 0.36. Alternatively, noting that r will be closer to 1/2, hence
√
r(1− r) near 0.5

suggests the guess r = 0.355, which turns out to be not far from the exact solution.

Question 4 (5+5+6)

A shepherd is looking for a sheep, which is lost in one of two forests. The probability of sheep in

forest A is pA > 0 and the probability that it is in forest B is pB = 1− pA > 0. The shepherd has

one day in which to look for the sheep. If the sheep is in forest A and the shepherd looks there, he

has some chance rA ∈ [0, 1] of finding it, whereas if the sheep is in forest B and the shepherd looks

there, he has the chance rB of finding it. The shepherd can search only one forest in a day.

(a) Express in terms of pA, pB, rA and rB the probability that the shepherd finds the sheep if he

looks in forest A.

ANS: To find the sheep in forest A it must be there, and then his conditional success probability

is rA. Hence, the answer here is pArA.

(b) Similarly, express the probability that the sheep is in forest A, given that the shepherd already

searched forest B and did not find the sheep.

ANS: With probability pBrB the sheep would have been found by the shepherd. The event that

it was not found, consists of the union of two events, one of probability pA that it is in forest A

and one of probability pB − pBrB that the sheep is nevertheless in forest B. Conditional on this

union, the probability of the sheep in forest A is thus pA/(1− pBrB).

(c) Suppose rA = e/(pAN) and rB = 1/(pBN) for some large integer N � 1 and the shepherd

is allowed to search for the sheep over N days. Since he returns home every night the results of

his daily searches are independent of each other. What proportion α of the N days should the

shepherd allocate to searching in forest A if his goal is to maximize the chance of finding the sheep

before the search concludes.

ANS: Let nA = αN and nB = (1−α)N be the number of days allocated for search in each forest.

Then, if the sheep in forest A failure occurs with probability that Binomial(nA, rA) is zero, and

similarly for Binomial(nB, rB) if the sheep is in forest B (we are assuming that the sheep does not

move between forests during the search). Thus, the shepherd’s probability to fail in finding the

sheep within his N independent trials, is

hN (α) = pA(1− rA)nA + pB(1− rB)nB .
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Since rA and rB scale like 1/N and N � 1, we can approximate (1 − rA)nA by e−λA for λA =

nArA = eα/pA, and similarly replace (1− rB)nB by e−λB for λB = nBrB = (1− α)/pB. Using this

Poisson approximation, we see that hN (α) is for N � 1, about

h(α) := pAe
−λA + pBe

−λB .

The shepherd wishes to minimize the value of h(α) over all α ∈ [0, 1], so he seeks local minimizers

by solving the identity h′(α) = 0. After differentiating in α it yields the equation

h′(α) = e−λB − ee−λA = 0 .

This amounts to λB = λA − 1, which after some algebra transforms into the optimal choice being

α = (pA + pApB)/(pA + epB), strictly in (0, 1).

Question 5 (5+6+5)

Suppose Xi, i = 1, 2, . . . are independent, continuous, non-negative Exponential random variables

of parameter 1.

(a) What is the joint density fX1,X2(x, y) and the joint m.g.f. MX1,X2(t, s) = E[exp(tX1 + sX2)]?

ANS: By independence fX1,X2(x, y) = fX1(x)fX2(y) = exp(−x− y), for x, y > 0. Similarly,

MX1,X2(t, s) = MX1(t)MX2(s) =
1

(1− t)(1− s)
,

in case t, s < 1 and MX1,X2(t, s) =∞ otherwise (we derived in class the m.g.f. of the Exponential

of parameter 1).

(b) Let Sn =
∑n

i=1Xi. What is the density fZn(z) of Zn = Xn/Sn, for each integer n ≥ 2 (for

partial credit solve first for n = 2).

ANS: Recall that Sn = Xn +Sn−1, with Xn of the Gamma(1, 1) law and Sn−1 of the Gamma(n−
1, 1) law being independent. So this is merely Example 6.7c of the text and the answer is that Zn

has the Beta(1, n − 1) distribution, whose explicit density fZn(z) = (n − 1)(1 − z)n−2 is given in

Section 5.6.4 of the text.

(c) Find non-random v such that P(|n−1
∑n

i=1X
2
i − v| ≥ ε)→ 0 when n→∞ (for any ε > 0).

ANS: From the WLLN we deduce that v = E[X2
1 ] = 2.

Question 6 (6+6+5)

X and Y are independent standard normal random variables.

(a) Find P(3Y − 4X ≥ 3).

ANS: As observed in class, the random variable Z = 3Y − 4X is Normal of mean zero, and by the

independence of X and Y also var(Z) = 32 + 42 = 52. That is, SD(Z) = 5 and the answer here is

1− Φ(0.6) = 0.2743 (according to the Normal table in the textbook).

(b) Find E[(4X)2 − 7Y +X3 − 3].
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ANS: By linearity of the expectation, it is

16E[X2]− 7E[Y ] + E[X3]− 3 = 16× 1− 7× 0 + 0− 3 = 13

(where we have used the even symmetry of the standard Normal density to deduce that E[X3] = 0).

(c) Find P(|X| ≤ |Y |).

ANS: There is no need to calculate anything, the answer is simply p = 1/2, due to the fact that

jointly (X,Y ) has the same joint distribution as (Y,X) and exchanging X with Y maps the event

{|X| ≤ |Y |} into its complement.
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