
Statistics 217, Problem Set #8
Due Tuesday, March 13

1. HPS, Problem 3.16, p. 109
Consider a birth and death process on the nonnegative integers whose death rates are
given by µx = x, x ≥ 0. Determine whether the process is transient, null recurrent, or
positive recurrent if the birth rates are

(a) λx = x+ 1, x ≥ 0;

(b) λx = x+ 2, x ≥ 0

2. HPS, Problems 3.17 and 3.19, p. 110
Let X(t), t ≥ 0, be a birth and death process on the nonnegative integers such that
λx > 0 and µx > 0 for x ≥ 1. Set γ0 = 1 and γx =

∏x
i=1(µi/λi), x ≥ 1.

(a) Show that if
∑∞
y=0 γy =∞ then ρx0 = 1, x ≥ 1.

(b) Show that if
∑∞
y=0 γy < ∞ then ρx0 = (

∑∞
y=x γy)/(

∑∞
y=0 γy) for x ≥ 1. Hint:

Suffices to show these results for the embedded birth and death chain. Why?

(c) Consider the branching process introduced in class, with p denoting the probabil-
ity of a particle split to two new particles. Show that if p ≤ 1/2 then ρx0 = 1 for
all x, whereas if p > 1/2, then ρx0 = ((1− p)/p)x, x ≥ 1.

3. Taylor & Karlin, VI.4, Problem 4.1, p. 377
Consider the example of “repairman model” in p. 369 of T&K, for the parameters
M = N = 5, R = 1, λ = 2 and µ = 1. Using the limiting distribution for the system,
determine

(a) The average number of machines operating.

(b) The equipment utilization.

(c) The average idle repair capacity.

How do these system performance measures change if a second repairman is added?

4. HPS, Problem 3.22, p. 110
Consider a positive recurrent irreducible birth and death process X(t) on {0, 1, 2, . . .},
and let X(0) have the stationary distribution π for its initial distribution. Then X(t)
has distribution π for all t ≥ 0. The quantities

EλX(t) =
∞∑
x=0

λxπ(x) and EµX(t) =
∞∑
x=0

µxπ(x)

can be interpreted, respectively as the average birth rate and the average death rate
of the process.



(a) Show that the average birth rate equals the average death rate.

(b) What does (a) imply about a positive recurrent N server queue?

5. Taylor & Karlin, III.9, Problem 9.1, p.195
One-fourth of the married couples in a far-off society have no children at all. (Thus
the probability that the couple has no children is one-fourth.) The other three-fourths
of families have exactly three children, each child equally likely to be a boy or a girl.
What is the probability that the male line of descent of a particular husband will even-
tually die out?

6. Taylor & Karlin, III.9, Problem 9.6, p.197
Let φ(s) = as2 + bs + c, where a, b, c are positive and φ(1) = 1. Assume that the
probability of extinction is u∞, where 0 < u∞ < 1. Prove that u∞ = c/a. Why doesn’t
the value of b affect the probability of extinction?


