
Stat 310C: Theory of Probability, Final Review
[Section numbers in parentheses]

Chapter 7

Stochastic processes: definition (7.1), (consistent) finite-dimensional distributions
(7.1), law of a S.P: definition (7.1), consistent family of f.d.d =⇒ existence and
uniqueness (in law) of the S.P. (7.1); the canonical σ-algebra does not contain many
sets of interest (7.1). F.d.d. determine independence (of increments) (7.1) but not
path properties (7.2); indistinguishable =⇒ Modification =⇒ Version (7.2); local
and uniform γ-Hölder continuity (7.2); The space C([0,∞)), its Borel σ-algebra
and the law of S.P. with continuous sample functions (7.2); Kolmogorov-Centsov
criterion =⇒ existence of (unique) local γ-Hölder continuous modification (7.2);
Separable S.P, measurable S.P: definitions (7.2), Hölder continuity =⇒ continu-
ity =⇒ RCLL =⇒ separability (7.2), continuity in probability of a S.P: definition
(7.2), continuity in probability =⇒ existence of a separable modification that is
measurable (7.2). Gaussian and stationary S.P: definition (7.3); mean and auto-
covariance functions of a square-integrable S.P (7.3), The law of Gaussian S.P
determined by its mean and auto-covariance functions (7.3); closure w.r.t L2 con-
vergence (7.3); strict/weak stationarity of a S.P: definitions (7.3), stationary in-
crements (7.3); Gaussian construction of Brownian motion (7.3); related Gaussian
processes: Brownian bridge, Ornstein-Uhlenbeck process, Brownian motion with
drift, fractional Brownian motion (7.3).

Chapter 8

Continuous time filtration: definition, the corresponding left and right filtrations,
interpolated, canonical and right-continuous filtrations (8.1); adapted S.P: defi-
nition, with sample path right continuity =⇒ Ft-progressive measurability (8.1);
stopping time of a continuous time filtration, Markov/optional times, first hitting
times (8.1); stopped process, stopped and Markov σ-algebras: definitions, closure
of progressive measurability under stopping of S.P. (8.1). Continuous time martin-
gale, sub-martingale, super-martingale: definitions, closure properties, MG Bayes
rule, examples for Brownian motion and Poisson process (8.2.1); Doob’s inequality,
Lp maximal inequalities, Doob’s up-crossing inequality (8.2.2); Doob’s convergence
theorem, sub-MG, sup-MG and MG with last element, relations between uniform
integrability, L1 convergence and having a last element (8.2.2), Doob’s Lp martin-
gale convergence (8.2.2); existence of a RCLL modification of a sup-MG with right-
continuous filtration (8.2.2); Doob’s optional stopping (8.2.3) and its applications:
for stopped right-continuous sub-MG (or sup-MG or MG) (8.2.3), for Brownian
motion and Bessel process (8.2.3). Increasing process, natural: definitions (8.2.4).
q-th and total variations: definitions, relation to monotonicity and to Hölder conti-
nuity (8.2.4). Quadratic variation of X ∈ Mc

2
(8.2.4). DL class: definition (8.2.4).

Doob-Meyer decomposition in Mc
2
and for right-continuous sub-MG (8.2.4); Lévy’s

characterization of Brownian motion (8.2.4); Introduction to Girsanov’s theorem
and Ito’s integral (8.2.4), orthogonality and bracket of elements of M2 (8.2.4).
(Homogeneous) Markov process: definition and closure under invertible monotone
(in time), maps (8.3.1), (consistent) transition probabilities, Chapman-Kolmogorov
equations, Markov semi-group (8.3.1); f.d.d of a Markov process, Markov prop-
erty (8.3.1); Examples: stationary independent increments, Poisson and Brownian
Markov processes (8.3.1); invariant probability measure for a semi-group (8.3.1);
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strong Markov process, strong Markov property (8.3.2). Feller semi-group: defini-
tion (8.3.2). Right-continuous homogeneous Markov process with Feller semi-group
=⇒ strong markov process (8.3.2). Markov jump process: definition, step sample
functions and strong Markov property (8.3.3); jump parameters, the generator and
Kolmogorov’s backward/forward equations for the semi-group (8.3.3); existence and
uniqueness by construction from embedded Markov chain and holding times (8.3.3);
Explosive and pure Markov jump processes (8.3.3); Examples: Compound Poisson
processes =⇒ stationary independent increments, thinning, “explicit” Markov semi-
group (8.3.3); countable state space =⇒ irreducibility/transience/recurrence inher-
ited from embedded chain, explicit characterization of invariant/reversible measures
(8.3.3), birth (and death) processes (8.3.3).

Chapter 9

Brownian transformations: symmetry, scaling, averaging, time-homogeneity, rever-
sal and inversion (9.1); future σ-algebra, tail σ-algebra of a continuous time S.P,
Blumenthal’s 0-1 law (9.1); Brownian motion changes sign infinitely often at 0 and
∞, properties of Brownian sample functions in the limits t ↓ 0 and t ↑ ∞ (9.1);
Regeneration property (9.1); Reflection Principle, law of passage times and running
maxima of Brownian motion (9.1); reflected and absorbed Brownian motion, last
exit, first return, arcsine laws (9.1). Convergence in distribution on C([0,∞)): def-
inition (9.2), the Portmanteau and Prohorov’s theorem, uniform tightness + weak
convergence of f.d.d. =⇒ convergence in distribution (9.2). Arzela-Ascoli theorem
and its application to S.P. (9.2); Donsker’s invariance principle (9.2). Applications:
Kolmogorov-Smirnov refinement of the Glivenko-Cantelli theorem, limit laws for
maximum, range, passage and occupation times of random walks (9.2). Brow-
nian representations: Skorokhod’s representation for centered random variables
and random walks (9.2.1); Strassen’s martingale representation (9.2.1) and Lin-
deberg’s martingale CLT (9.2.1); Kinchin’s LIL, Hartman-Wintner’s LIL (9.2.2);
Paley-Wiener-Zygmund: nowhere differentiability of Brownian sample paths (9.3);
Lévy’s modulus of continuity (9.3); Zero and level sets of a standard Wiener pro-
cess: definition and properties (9.3); local maxima of Brownian sample paths (9.3);
no point of increase of Brownian sample paths (9.3).


