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THE ESTIMATION OF COHERENCE

By

Nigel Nettheim

1. Theory and Assumptions for a Pair of Time Series

1.1 Time Series
This thesis deals with the problem of estimating certain properties
of a pair of time series whose values at time t are given by the real

random sequence
[Xj(t),Xk(t)}, t=...,-1,0, 1,

from a sample of observations at times t = L, ..., T. We refer to t
as time, although it could for instance be a spacial coordinate. The
same symbols are used for random variables as for observed values since
the context will indicate the meaning.

More general index sets could arise: for example, one might have
Tj observations on Xj(t) and T, on Xk(t); or one series might be
quarterly while the other is monthly; or again the sample might be
taken continuously. Such cases will not be considered here, although
the population from which the sample is taken can always be regarded as
defined in continuous time. It is hoped in the future to extend the
present methods and results to problems involving three or more series

and higher order spectra.



1.2 Stationary Time Series

The series considered in this work are always assumed to have

expected value zero:

mn
(@]

E[Xj(t)]

In most practical cases the mean value will be a non-zero function of
time but 1t can usually be removed readily by methods, known as
detrending, which have been discussed by Parzen (196L).

The series are further assumed to be jointly stationary in the sense

that their covariances exist and are functions only of the time lag v:
E[XJ('t) Xk(t+v):' = Rjk(v)) v=...,-1,0, 1,

When J = k we speak of the autocovariance functions and when j % k
of the cross-covarisnce functions; note that Rjk(v) = Rkj(—v). It is
emphasized that stationarity of each individual series does not imply
Joint stationarity. The stationarity assumption has sometimes been
relaxed, for instance by Priestley (1965). However, it is generally
felt that stationary spectral methods are quite robust, and experience
indicates that meaningful conclusions can be drawn even when they are
applied to highly non—étationary series; in any case they are the
natural first approach.

Moments of order higher than the second will also be assumed to

exist when needed.



1.3 OSpectra
It 1s well known (Yaglom, 1962, p. 55) that stationary covariance
functions have a spectral representation:
Ry (v) = L/i: 17 aF, (V)
where the functions ij(K) are called spectral distribution functions.
Here we assume that each ij(X) is absolutely céntinuous (for

00
which a sufficient condition is 5 ]Rjk(v)l < ) so that

V=m0

T iva
Rjk(v) = k/iﬁ e fjk(x)dx .
The functions fjk(k) are called autospectra when Jj = k and cross-
spectra otherwise; they are defined explicitly by
L -ivw
fjk(m) = 3= VZ;; Rjk(v) e , -r<w< .
These functions will always be assumed to be uniformly continucus. Note

that

the bar denoting complex conjugation. Thus autospectra are aiways real,
while cross-spectra are in general complex-valued. It is easy to show
that the matrix g(w) of spectral densities is non-negative definite,

so that

£330 20, £ 7 () - 2 )] 20

f,
Jd
In interpreting much of spectral analysis it is useful to note the

famous spectral representation theorem (Yaglom, 1962, p. 54) which is
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stated here in a simplified form: any real stationary random sequence
with zero mean value function and absolutely continuous spectral
distribution function has the canonical representation
it s
X.(t) = \/P- cos At dAU,(N) + /\ sin At av.(\)
dJ - J J - dJ
where de(h) and de(k) are real random variables indexed by the

parameter X, the integral is defined as the limit in mean square of the

natural approximating sum, components at frequencies A,u are uncorrelated

unless IAI = [pl, and
E[dUJ.(h)] = E[dvj(x)] =0
2 2, 1
E((de(k)) 1 = E[(dvj(x)) ] =3 fjj(k)dk

vhile for two series Xj(t) and Xk(t) we have, assumihg ij(x) is

absolutely continuous,

E[de(x) dUk(x)] = E[dvj(x) dvk(x)] = % cjk(x)dx
Blav,(v) av, ()] = - Blav,(0) v, (V)] - % a5 (VO
where
Fapl@) = epl0) +igg (@), g Ak

similar relations hold at pairs of frequencies (N,-A). More concisely,
the representation

x.(t) = [ ™ az o)
J Jox J

holds, where

Bllaz,()1%) - £, (M)
E[de(k) deZxS] = fjk(x)dx

L



It is clear from the above representation that the autospectrum
fjj(w) indicates the importance of the basic trigonometric components
of given frequency w for the seriesg Xj(t); for example, a sequence of
independent random variables with zero mean and constant variance 02

has a constant spectrum
2
f..(w) =07/2n ;
JJ( ) / ’

such a process is called white noise. The cross-spectrum indicates, by
its real part, whether the frequency w is important for both series
Xj(t) and Xk(t) in so far as their "in phase" components are concerned,
and by its imaginary part, in so far as their "in quadrature" components
are concerned. The quantities cjk(m) and qjk(w) are called the
cospectrum and quadrature spectrum, respectively,

Another important approach to the interpretation of spectra is the

filter approach. If j # k and

Xj(t) =

Ill MS

. bS Xk(t—s) s

o0
then the process Xj(t) is regarded as the output, or response, of the
linear time-invariant filter defined by the sequence {bs}, when the

input is Xk(t); often bS is zero for s < 0. The spectra of Xj(t)

and Xk(t) can be shown to satisfy the relations

il

2
G B (@) 15 £ (@)
fjk(w) = Bjk(w) fkk(w)

where the frequency response function Bjk(w) is defined by



o0
Bjk(w) = ) be

S==00

If we had not assumed the mean values of each series to be identi-
cally zero and the spectral distribution functions to be absolutely con-
tinuous, then it would be possible for some or all of the functions
ij(w) to contain one or more jumps; in that case, special problems
arise in the study of pairs of time series which are treated elsewhere
(Wahba, 1966). We pause only to note that if both autospectral
distribution functions are absolutely continuous then it follows from the
non-negative definiteness of f(w) that the cross spectral distribution
function is also absolutely continuous. On the other hand, it is quite
possible for both autospectral distribution functions to contain a Jjump
while the cross spectral distribution function is absolutely continuous,

as in the following case:

X, (®)

X, ()

cos(Qt+@)
}' t =1, 2,

I

cog (Bt + V)

where & and f are fixed while ® and V¥ are independently distri-
buted uniformly on [=-n,n]; then Fjj(w) and Fkk(w) are unit step

functions at « and B, respectively, while F w) = 0.

Jk(
1.4 Coherence

The idea of coherence was probably first recognized early in the
present century in the study of sound waves when the relative position
of their source is variled; rays of light were studied in the same way .
Its debut as a quantity of statistical interest was made in an important
paper by Wiener (1930, p. 194) where it was defined by the formula

6



£ ()
/Tjj(w) fkk(w)

Some authors (see Tukey, 1965, p. 45) remove the modulus sign from the

above definition while others, including the present author, use its

square. We thus define

2
(o) £ ()]
W w = - < w<n
ik £..(w) T w) ’ %>
J JJ( ) T (w)
Tt follows that
wjk(m) = ij(w) = wjk(-w)

If the denominator is zero, then so is the numerator (since f(w) is non-

negative definite) and we define

2
Egmen]

fjj(x) fkk(x)

W, (w = lim
Jk( ) Lin

Koopmans (196&, p. 5%2) prefers to set the coherence equal to zero when
the denominator is zero, but this might not be considered entirely
natural; for instance, if Xj(t) = Xk(t) one would like the coherence to
be identically one even though the autospectra may vanish at some
frequencies.
In terms of the»spectral representation
Tt

Xj(t) = L/iﬂ e1tA dzj(x)

we have ‘
|E[de(k) dzkix)]lg

2 2
Bllaz,(\)[7) Blaz, (V) %)

wjk(x) =



showing that the form of the coherence is analogous to that of the
square of the classical correlation coefficient for real random
variables; however, this analogy is not complete and it does not seem
to be particularly useful.

A more useful interpretation of coherence relates it to a linear
filter with additive (but not necessarily white) noise. Suppose that

%
Xj(t) = S;w b X (t-5) + n(t)

where n(t) is uncorrelated with Xk(t—s) for all s. Let us write

this in suggestive notation as
X (t) = X, t) + X, t
5B = X 1y ()
where X, t) = E' b X (t-s and X, t) = n(t). Then
sl = B b % (tee) 3(®) = n(t). The

1B, () % £ (@)

I

W, (w)
I B () [% £ (@) + 2 (w)

where the f's are the autospectra of the series indicated by subscripts.

This relation show that '

0 < Wy (w) <1

for all w, which also follows from the non-negative definiteness of
f(w) .

The interpretation of ij(w) is now clear: if there is a
précise linear filter relation between Xj(t) and Xk(t), then

8
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M

W (0)

W)

1; if the linear filter model is satisfied with b = 0, then

0; in intermediate cases the proportion of power at each
frequency w explained by the filter will be reflected in the value

of ij(w), for we have the relations

T,y (w) £ s(w)
W (o) - lek _ k|

33+ ()

These and other properties of coherence have been derived in an analytic
setting by Koopmans (1964). The naturalness of the above interpretative
formulase is the main reason for prefering our definition of coherence
to the others mentioned; the extension to the multiple coherence
between three or more serieg provides further justification, by analogy
with the classical multiple correlation coefficient usually denoted R2.

A simple function of coherence has been shown by Gelfand and Yaglom
(1959, p. 229) to be a natural measure of the amount of information
contained in either of two processes with respect to the other. The

measure, which is derived from :Shannon's definition of information for

random variables, is

) T
Fooe o 27 e
sk = T Bx log(1l wjk(x))d.x
(SR
7 o)
- giﬁ ]_ogl+fJ|k>\) ar
J - J 1k

In view of the above remarks about the nature of coherence it is
not surprising that it has been found, particularly since the second
world war, to be a very useful object of study in many scientific
fields including meteorology, oceanography, geophysics, engineering,

communications, optics and economics. In some branches of each of these
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fields and others coherence is now an established tool of research; in

fact, the statistical terminology is derived from some 6f these filelds.
However, it appears that the statistical properties of estimates of

coherence from sample observations have not been studied quite sufficiently;

Chapter 2 is designed to explain why the usual procedures, established

in the last fifteen years, are in general not satisfactory and can lead

the user seriously astray.

1.5 Phase and Gain

It is customary to consider, along with coherence, the so called

phase angle

D) = arctan(a,(0)/e, (@)

and the gain

Cop(@) = [£, (W)]/2, () ;

in the notation of Section 1.3 aboves an arbitrary rule is needed to

avoid the non-uniqueness of the arctangent. We then have
ip 5, (w)
fjk(w) = fkk(w) ij(w) e
In simple cases such as a lagged series Xj(t) = Xk(t~%) the phase
may be easy to interpret, but it seems to be a useful quantity only in
a few cpecial cases; in general, positive and negative lags can occur
between two series simultaneously, in which case the author is not
convinced of the relevance of phase as defined above (see also Granger
and Hatanska, 196k, p. 103). The gain may be more easily interpreted than

phase, but since coherence is a normalized function of gain it is generally

10



the more important gquantity. For these reasons this thesis is restricted

to the study of the estimation of coherence.

1.6 The Aims of This Thesis

In Chapter 2 the usual procedure for estimating coherence is stated
and discussed; it is explained that this procedure needs to be improved.
With this improvement in mind, the so called cross regressive filter
model is proposed in Section 5.1. In gpite of the naturalness
of estimates of coherence obtained in this way, they have apparently not
been used in the past. In testing whether the proposed model is satisfied
one needs to test the hypothesis of identically zero coherence; a natural
test is proposed in Section 3.5 requiring a knowledge of the mean and
variance of the estimated coherence under the null hypothesis.

Approximete values of these moments are obtained in Sections 3.2 and
3.3 and the opportunity is teken to derive formulae for joint moments of
any order of the estimated spectra. These formulee (see Theorems 1 and 2)
are belleved to be new. In deriving these formulee no attempt hes been
mede to achleve mathemetlicel rigor. Thus, precise smoothness conditions
on the spectre are not given, and the behavior of delta-like functions
ie treated Iln an intultive way. To avoid thls feature, one would like to
work in the time domain rather than the frequency domein, but this proved
impractlcable. The lack of rigor will not affect the application of the
results, as is indicated in Section 3.4 by comperison with an approximate
distribution for coherence obtained by N. Goodmen sssuming, among other
things, a rectangular spectral window.

In Sections 3.6, 3.7, 5.8 some miscellaneous alternative procedures

are briefly considered, but none of these is recommended.

11



2. A Critical Study of the Usual Estimation Procedures

2.1 Estimation of Autospectra

(i) The periodogram. The autospectrum is the Fourier transform of

the autocovariance function, so the first attempt at estimating the auto-
spectrum was to obtain the Fourier transform of the estimated autocovariance

function, called the sample periodogram:

I..(w) = L E: cos vw R,.(v)
dJ 2T |y]<T Jd
T
— 1 l Z ~iwt
= X. (%)
2nT = J
where o
; L5 ) x e
R..(v) =5 X, (t) X.(t+v
JJ( ) =71 tgl J J
In the definition of Rjj(v) the divisor T - ]v] is sometimes used

instead of T; this matter, which has been discussed at length in the
literature (e.g., Tukey, 1961, pp. 211-213), will be mentioned briefly

in Section 2.1 (ii).

Although
BT (0)] ~ fJ.J.(w) as T » o ,
it turns out that
Var[I, ()] » £5 (w), ol #o0,
Jd Jd
2f§j(w), lw] =0, = .

Hence the periodogram is not consistent and, therefore, not satisfactory

as an estimate of fjj(w)°

12
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(ii) Windowed periodograms. In order to achieve a consistent

estimate of fjj(w) an average can be taken of the periodogram at

frequencies near w. We, therefore, define
2@ = [ 1,00 K ew)
f..(w) = I..(N A=w }dN
Jd Jog d9d KM

- 1 3 v
= 5 IVI%; y Rjj(v) k<ﬁ) cos vw

where KM(X) = é% IVIZLM k(%) cos VA.

There is some freedom in the choice of the weights KM(X) in the
frequency domain, or equivalently, k(%) in the time domain. The
extengive literature on this choice will not be repeated here but the

weights will be assumed to satisfy the following properties.

The spectral window KM(x) is real valued, continuous, symmetrical
gbout A = 0, and has period 2x; on [-w,n] it takes its maximum value
at A = 0, decreases monotonically as IKI increases, and is positive
for small |A| (preferably positive for all A). The bandwidth (any
function measuring the degree of concentration of KM(K) about A = 0)
depends on the number M; as M increases the spectral window approaches
a delta function at A = O.

The lag window k(%) is real valued, continuous, takes its maximum
valve of 1 at v = 0, is symmetrical about v = 0, decreases mono-
tonically as lvl increases, is positive for |V| < M and vanishes

otherwise. Hence, M 1is called the truncation point.

A useful approximation introduced by Parzen is obtained by

defining

13
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K(N) = 57

k(u) cos un du, -0 <N <w»

so that

Ky 2 MK(n)

Two popular choices are the Parzen kernel

K(A) = %{ﬁ{‘s%x 4)}4

and the Tukey kernel

1 sin » | sin(M+xn) | sin(h-n)
k() = ZF.{é NS W N

The Parzen kernel has the advantage that, if ﬁjj(v) is defined with
divisor T, then gjj(w) is necessarily positive. Other kernels are
given in Table 5, Section 3.L.

Consistent estimates of fjj(w) are achieved by letting T/M 2. and M - .
The mean and variance of gjj(w) will be studied in Sections
3.2 (ii), (iii). In ensuring that the variance approaches zero some
bias hae been accepted; the bias also approaches zero and the procedure
is a good one in principle. It 1s necessary, however, to guard against
introducing a serious bias when using particular finite values of T
and M. It is clear from the definition of gjj(w) in terms of ﬁjj(v)
that a large bias will be avoided if and only if k(%) is never small
when Rjj(v) is significantly different from zero. The equivalent
requirement in the frequency domain is that the spectral window should
be sufficiently concentrated at its central value to pick up significaﬁt

oscillations in fjj(w) and to avoid "leakage" from nearby frequencies.

14
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Hence if the estimate gjj(w) ig to be satisfactory, it is essential
that the truncation point ‘M be chosen large enough to avoid the danger
mentioned. This may be feasible iﬁ cases where the greatest lag at

which Rjj(v) is significant, say v =V, is known in advance and such
cases apparently arise quite often in economics and some other fields.

It is also conceivable that knowledge of v could be inferred from a
study of the estimated autocovariance function (see Schaerf, 1963, p. 25).
However, no such procedure is yet known which would be suited to

routine application to any series which might be read into a computer.

(iii) Prewhitening. To deal with the difficulty mentioned above

it is often thought desirable to make a preliminary transformation of
the given series, so that the covariance function of the transformed
gseries is close‘to zero at lags other than zero. If this is achieved,
then the choice of truncatién éoint is no longer so vital. The natural

transformation to make is suggested by the linear filter or autoregression

model

®
Xj(t) - ng b Xj(t—s) = ejj(t)
where ejj(t) is white noise.

Again the problem arises of how many lags to use, that is, which
values of & to choose; but now reliable procedures are available to
test whether enough lags have been used. Valid tests can be based on
stagewise least squares estimation formalae for the gs’ in terms of
the capacity of new regressors - to reduce the residual variance; these

formulae have been given by Efroymson (1960), Parzen (1966) and others.

Alternatively they can be based on functions of the estimated

15



autocovariances as in Diananda (1953), Quenouille (1947) and others.
In the present context the stagewise tests are the more convenient.

The usual practice has been to set bS = 0 for s > 0. The author
sees no good reason for this, since the aim here is not prediction but
rather interpolation; he accordingly suggests that the gs be formed
for all significant lags s, positive and negative. Since the estimates
of bS will be more reliable for small lags ]s| than for large lags,
it can only be advantageous to allow the possibility of lags of both
signs.

The autoregression model is here nothing more than a tool which may
be useful: 1t need not be believed wifhout reservation. A test for
the model can be based on the estimated spectrum of the residuals, which
should be approximately that of white noise. A formal procédure such as
the Kolmogorov-Smirnov test could be used; otherwise, a visual test may
be satisfactory. In any case it should be realized that the appearance
of a flat windowed spectrum does not imply that the residual series is
approximately white noise, for it might retain a periodicity of higher
frequency than can be picked up by the window used. (A single value
of much different order of magnitude from the values at other time
points, which may be caused by a recording error, will also give rise to
a flat spectrum.) All these considerations reflect the fact that an
experimenter must be able to make at least some minimal assumptions
about the nature of his series, for instance a bound M on the
greatest significant lag v, before a meaningful statistical analysis
can be performed. (Such a bound exists since we are agsuming

0
b bf < w, or in the words of Schaerf (1963, p. 31),

S ==00

16
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"... we are confident that the remote past will not influence very much
the variable to be estimated.")

The final estimate of the spectral density can be derived from the
fitted autoregression by one of two methods:

(a) assuming the fitted model is valid, one forms

%
~(a) _ JJ -iws(2,
£330 = = /- [2pe™ 5

(b) allowing for the possibility that the residuals are not
precisely white noise, one forms the recolqréd estimate
SR -2 @/ et
Jdd
These two methods will normally give similar results.

One might ask whether the désired‘transformation to a situation
where the spectrum is relatively-flat could be achieved by an operation
in the frequency domain, rather than in the time domain via the filter
model described above. In principle it is possible to do so, but the
difficulty of analysing the situation in that way is, in the author's
opinion, very great; this point will be discussed further in connection

with the estimation of coherence in Section 3.1.

2.2 Estimation of Cross-spectra

(1) The crosg-periodogram. The problem of estimating the cross-
spectrum is of course similar to that of estimating the autospectra.

We define the cross-periodogram:

7
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~

1 3 -ivw
I. (w = = L, e R. (v
Jk( ) R Jk( )
7 . T .
= = ¥ x(t) ™ ¥ X, (t) ™
£=1 Y t=1

A
The question of the divisor for Rjk(v)’ here taken to be T, will be
mentioned in Section 2.3 and again in Section 3.1. The cross-periodogram,
like the periodogram, is asymptotically unbiased but is not consistent.

(1i) Windowed cross-periodograms. Consistency can again be

achieved by the use of a window:

Il

T
fjk(w) = f_ﬂ Ijk(?\.) KM(?\.-w)d%.
= 5, L Rpn) G e

lvl<T
Usually the same window is used for estimating the cross~-spectrum as for
estimating the autospectra, but there is now less reason. For example, the
symmetry of the autocovariance function means that the window is most
naturally taken to be symmetrical, but this is no longer true of the
cross~-covariance function; hence, an asymmetrical window might be more
appropriate in general and one might better speak of two truncation
points, an upper and a lower one. It is also now possible that a
complex-valued window would be preferable. Nevertheless, windows having
the properties listed in Section 1 (ii) of this chapter will be found
adequate for cross -spectral estimation provided a preliminary transformation
(to be discussed) is first carried out. The relevance of these windows
in the absence of such a transformation is very doubtful.

In any case it is necessary, as before, to check that the bias

18



introduced by the window is tolerable. To see the danger which exists
one need only consider any pair of series for which ]Rjk(v)[ is
gsignificantly large for a value of v at which k(v/M) is small,

possibly zero. An extreme example would be

Xk(t) = Xj(t-L) = white noise with variance o

A

and M = L; then fjk(w) = 02, but fjk(w) = 0. The problem of biag is
possibly more difficult for the cross-spectrum than for autospectra
because there may be less a priori knowledge of the cross-covariance
structure than of the autocovariance structure; in economics, for instance,
autocovariance diagrams are widespread but cross-covariance diagrams

seem to be studied only rarely. However, it is fairly clear that this
problem has not usually beeh faced at all: the formulae obtained for
autospectral estimates have been applied unchanged, even as to trun-

cation point, to the problem of cross-spectral estimation (e.g.,

Granger and Hatanaka, 1964 pp. 78, 101; Rosenblatt, 1965, p. 48).

(iii) Preflattening. The danger of a serious bias in the cross-

spectral estimates described above has not generally been recognized.
Therefore, 1t is not surprising that a preliminary transformation
analogous to prewhitening has not generally been sought. The analogous
transformation may be called “preflattening," since whereas the auto-
spectra were made relatively flat by prewhitening, the cross-spectrum
is now tc be made flat so that the application of a window will no
longer have its former danger. Suggested methods for achieving this
effect will be presented in Chapter 3.

A few writers have recognized the sbove problem. The first were

19
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Dalzell and Yamanouchi (1958).
Tick (1963, p. 203) wrote:

"In any discussion of spectral estimation we should keep
to the fore the fact that estimates of spectra are biased -
and may be seriously so. In fact, contrary to what I hear
in mathematical statistical circles, I believe this is the
controlling factor in many situations."

Akaike and Yamanouchi (1962, p. 55) sought but did not find an
appropriate transformation:

"... our new window Q is better sulted...fairly large

bias due to smoothing still remains...we believe that the

use of well designed and properly shifted window will

eventually lead to successful results."
Pierson and Dalzell (1960) and Parzen (1965, pp. 46-48) gave a method
which is appropriate for dealing with cases where the significant
cross-covariances are concentrated in a neighborhood of one lag,
say Vv = v*, but which is not appropriate otherwise (see Section 3.6).

In summary, the problem of serious bias which can occur in the
estimated cross-spectrum has not generally been recognized, and when
recognized has not been solved satisfactorily. One aim of Chapter 3

is to solve this problem in so far as it affects estimates of

coherence.

2.3 ’Estimation of Coherence

The coherence is a function of the auto- and cross-spectra; it
has usually been estimated by the same function of the estimated auto-
and cross-spectra, modifications sometimes being needed to ensure that

the estimate Iles between O and 1. Thus, the usual estimate is
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This will lie between O and .1 if the same truncétion point is used
LW
JJ()

~ . )
and fkk(w). However, as indicated in the previous section, the same

. ~ A
with the Parzen window and the divisor T for each of fjk(w), f

truncation point will in general not be appropriate for all three
estimates as a result of the different autocovariance and cross-
covariance structures.

Of course, a function g(%) is not necessarily a good estimate of
the function g(f), even if £ is a good estimate of f. In the present
case a posgitive bias will be found to occur, unless ij(w) = 1; the
possibility of using a different function of ‘g to estimate coherence
will be considered in Section 3.8. But the main reasons why the author
claims that estimates of coherence have often been poor are contained in
the previous sections, namely, the criticism of the estimates of the
crosg-spectrum and, to a lesser extent, of the autospectra. The bias
in ﬁjk(w) arising from an inappropriate truncation point (or window)
for the cross-spectrum will be seen to be negative. It is possible that
the two sources of bias mentioned will roughly cancel out in some cases,
but such an accident is hardly to be relied upon.

The unsatisfactory néture of the usual estimates of coherence is
not only theoretical but has been observed in practice; this can best be
indicated by some views stated in the literature, of which several are

given below.
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Pierson and Dalzell (1960, p. 20): "The loss of coherency when
computed by standard techniques from samples of vector
Gaussian processes where, theoretically, the coherency ought
to be one, is largely explained by the lack of resolution in
the cross spectra and the effect of the convolving filter
made necessary by the nature of the finite sample. High
coherencies can be regained by modifying the experimental
design so as to obtain less rapidly varying cross spectra
and by increasing the resolution.”

Akaike and Yamanouchi (1962, p. 23): "The method described by
Goodman was a direct application of the method of estimation
of the spectral density to that of the cross-spectral density,
but some experimenters who applied this kind of method to
their numerical data experienced the very low coherency of
their estimates.”

Granger (1965, p. 232): '"Monte Carlo studies currently under way
show that the estimates of coherence for short series are
badly biased towards the value 3. This suggests that new
methods of estimating cross-spectra need to be investigated."

Priestley (1965, p. 235): "..,it seems clear that, in common with

other branches of spectral analysis, the final word on estima-
tion procedures has yet to be written."
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5. Estimation of Coherence by Cross-regressive Filtering and Related Methods

5.1 Cross-regressive Filtering

In Chapter II we established the need for a preliminary transfor-
mation of the given series in an attempt to make the cross-spectrum
relatively flat. The natural method for achieving this is the analog
of the autoregressive procedure. We therefore consider the model

0
Xj(t) = S;m b Xk(t-s) + n(t)

where n(t) has zero mean and is independent of (or at least uncorrelated

i

with) Xk(t-s) for all s; that is, wnk(w) O where Wnk(w) is the
coherence between n(t) and,Xk(t);Itis not now reasonable in general to
assume that n(t) is a white noise process, whereas this was the natural
assumption in the autoregression model. For instance, if Xj(t) and
Xk(t) are uncorrelated, then all the b_ are zero so that n(t) will
have the same spectrum as has Xj(t) itself, which might be quite
different from white noise.

The method of estimating the coefficients bS will again be the
stagewise least-squares procedure, using the formulae of Efroymson (1960)
or Parzen (1966). Only those lags s will be utilized which lead to a
significant reduction in the variance of the residuals; of course s can
take values O, +1, +2,

Assuming the model has been satisfactorily estimated by coefficients

b one would estimate the cross-spectrum by

=

2(c) o oiws 2(a)
fji (w) = g bSel ° fki (w) ,

the superscript (c) indicating cross-regression. This estimate is
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appropriate because if the model is satisfied we have

R (V) = BI(Z b, X (%-5) + n(t)} X (t+v)]

I

Z b R ve) .

kk(

If it is desired to take into account the presumably small amount of
R
correlation between n(t) and Xj(t—s) for each s, one would form the

estimate analogous to the recolored autospectral estimate:

) =25 2w v F ()

the superscript (r indicating recoloring. Again there will be little
difference between f )(w and ggi)(w). Note that a separate model
is used for the purpose of estimating the autospectrum of Xk(t), as
described in Section 2.1 (iii). Of course the two models could be
combined to give, say,

Xj(t) = 5 g, X (t-r) + z h, e(t-r) + n(t)

but it seems better to treat the two models separately.
Our main interest here is the estimation of coherence and we propose

the following estimates:

A(ee), 2 1
sk W= 7 a)
: £33 (@) 7 ()

75 ()12

o(r) 2(r)
fgj () 25 (w)

If we write the model as

2L



—

Xj(t) = Xj]k(t) + Xj (t)

1k
then we have

1
A

i fjik<w)

~(ac)
wjic (w)
1

F3u()

where the double hats indicate the usual estimates of spectra of the

A

estimated component series, say gj]k(t)’ lek(t) (compare the
corresponding equation in Section 1.4). We see that the estimate will
lie between zero and one if the Parzen window is used with divisor T,
even though different lags may be used in esgtimating the cross-spectra
and each of the autospectra.

One might ask whether the two series, Xj(t) and Xk(t), should be
individually riltered before estimating the cross-regression model.
However, it is easy»to see that such auto-filtering would have no effect
on the outcome, since relations within one series have no bearing on its
relations to another series. As a result of the symmetry of ij(w),
either seriés can be chosen as input (Xk(t)) when using the cross-
regression model. The possibility of achieving satisfactory estimates
of coherence by operations in the frequency domain alone is no more at
hand, in the author's view, than in the autospectral case, as noted at
the end of Section 2.1 (iii).

At this point mention must be made of a paper by Hannan (1963) in
which the point of view taken is the opposite one to that adopted here.

Hannen seeks to estimate the same model as we do (Hannan, 1963, pp 3L4-35)
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by spectral methods élone. However, the determination of the number of
lags to be used cannot, in our view, be handled satisfactorily in the
frequency domain alone; while this problem is not of great mathematical
interest it 1s very important in the use of spectral methods. Hannan's
description seems, in comparison with the stagewise least squares

procedure, to be rather vague: "

.. .the number of lags is to be deter-
mined by an examination of the data...in any case, lags are included
until the two methods of estimating fee(k) give the same results
effectively." (Hannan, 1963, p. 35). Apparently no allowance is made
here for a lag which might have been significant when first introduced
but not significant after some subsequent lag was utilized. 1In any

case we wish to state our view that time domain methods and frequency

domain methods should be used in conjunction wherever possible, as a

test and safeguard of the validity of either approach alone.

In testing the fitted cross-regression model we are no longer
concerned with the spectrum of the residuals, but only with their cross-
spectrum, or coherence, with the series Xk(t). We wish to test the

null hypothesis
Wnk(w) =0 .

For this purpose we will need the distribution of the estimated
coherence ij(w) for two series (in the application j will refer to

n{t) and k to Xk(t)) under the null hypothesis and under relevant

alternatives. A statistic such as
[3
W, (N)an
Jox JK
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could then be used. The next three sectionsg are devoted to a study of
some aspects of the distribution of the sample coherence, after which
we will return to the problem of estimating coherence and testing the

cross~regression model.

3.2 Asymptotic Theory of Moments.: of Estimated Spectra

(i) Lemma on diagonal summation.

Lemma 1 Let g be any function of n -~ 1 real variables such that

T

T
Z:T e Z; . g(Tl,...,Tn_l)
17 Th-17"

converges absolutely as. T » «. Then for large T and for n =2, 3,

1 T- 1 T—vn T T
= | - ces - = e : “ e
T - . e Z g<tl th )tn_l tn) Z Z— g(Tl) )Tn_l)
t,=1 t =1 T,==T T =-T
1 n 1 n-1

where the \A are fixed non-negative integers.

Proof: We begin with the case n =2. For T > max v, we have

1 'I'—V:L T-V2 %i%
= Y g(t,-t,) = Un(75v,,v,) &(7)
T tz;l t.=1 L2 T e
1 2
where
V2-T
UT(T;vl,vg) =1-5 -T+v, +1< 1< mln(O,vz—vl) -1
max(vl,vg)
1~ —— min(0,v -Vl) <1< max(o,v2-vl)
v+
l- = max(o,vg-vl) +1<t<T- v, -1
0 otherwise

The disgram illustrates the case A < v,; since ]UT(T;vl,v2)| <1l we

can interchange the summation and limit as T - o, yielding the result.
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N

t
-y - T T
T v2 l
¢ o
2 ° //’ /’ o/
,//
1r /> °
i ] i i ] AN
1 2 1+v, =-v T-v g
2 1 1

The general case is treated by the same method, but the exact

expression for UT(Tl,... .,vn) is complicated since it takes

T sV ‘e
b4 n_l’ l)

different non-zero values on each of N regions of an n-dimensional

lattice, where N equals 3 raised to the power (5

2). We give explicitly

only the special case

max(rl, .. .,Tn_l)

UT(Tl,...,Tn_l;O,...,O) =1 - T s -T+l<7, <T-1.

In any case

=

]UT(Tl,...,Tn_l;vl,...,vn)[ <

which yields the general result, as in the case n = 2.

Note: The case n =2 was given by Parzen (1957, p. 335) for the case
of continuous time; but note that the sign of u in the second line of
the definition of U(u,vl,vg) is incorrect.

(1i) Lemma on means of estimated spectra.

Lemma 2 For sufficiently large values of T and M we have, for
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jointly stationary series Xj(t), Xk(t), having uniformly continuous
gpectra,

E[;jk(w)} = fjk(w), Iw[ <w

The result holds for J =k and for j # k.

Proof:

i
|

n T-|v] :
BE (@) -5z L %ng(t) X, (t4v) ¢ 7 x(T)

=L ~ivw v
- 2}'[ z Rjk(V) € k—(M))

lvl<um
for sufficiently large T
1 T AVAL ~ivw
- = 3 f £, () e aneY k(%)
[vi<M Jox d ,
fﬂ
= [~ £, () K (A -w)dr
Jex Jk KM
i
i k(w) f KM()\-—w)d}\., for sufficiently large M,
o uging the uniform continuity
of f (x)
- ()

Note: Further terms can be obtained under appropriate conditions by
expanding the spectral density function in a Taylor series, leading to
the result

1

? Sy L1 #(29)(,
Bl ()] = EOWMES (w) f N k()

: : - 1
Thus if fjk(w) = 0 but fjk(w) # 0 we have

w)] £ - L k"(0) fnk(w)

2P J

29
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The odd terms of the Taylor series do not appear since K(\) is an even
function.

(ii1) General central moments of estimated spectra. In the sequel

we will need to know Jjoint moments of various orders of estimated spectra.
All the cases we need could be computed separately as they arise, but this
is very tedious and some symmetries, which are useful in checking the
formulae, would be lost. The general formula is quite easy to apply in
any particular case although when stated in symbols it appears rather
formidable. We will give a statement of the general result, but for a
clear understanding of it a reading of the main steps in the proof is
recommended before close scrutiny of the statement itself. Since the
formulae obtained may be useful in various investigations involving
spectral estimates, we have taken the opportunity to give a little more
detail and completeness than is required for the present purposes.

)

Theorem 1  ILet Mo, .(f2n412n(w)-f2n_12n(w;3

.,2n-Len = EL(fp(w)-£)5(w))
for n=1, 2, ... . If the series are jointly stationary and Jointly
normal and have sufficiently smooth spectra, then for large enough values
of T and M we have, recursively,

R Co .
@:25m_<_m T1dy o tndn Y191 nn

2:1Mnlf () an z R if o] # o,
®:m=n

Lﬁ2,..”2n~12n:

lJl an
where
(i,-.51 ) = P(1,3,...,2n-1)
{le"-)jn} = 69{2,)4-,...,213,}
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where ® means "a permutation of";

m = m{il’Jl’°"’in’jn}

= min (m' such that {i. ,3. ,...,1i. ,3. }
m'e{l,...,n} kl kl kmu L
:éj£il’il+l"'"im“’im'+l}) 5
and
m = max(2,[n/2])
If !w] = Q, 1, replace u, . . s by u 5
Sty iy bl bon 1oy
. . .. by ,and T, . ... T, . Dby
Tt 1dmt1 T tndn zemﬂ_2m+2""’z2n-lﬂ2n 191 “ndn
f , where {f.,8.,...,0. } =@{1,2,...,2n}. Also, the
Daloseroslon oy e 2n
uncentered moment
1 =
“12,m..,2n~12n'" E[fl2(w>"'f2n~12n(w)J
m m
is given by the same recursion relation, with X replaced by =
£ m=2 @:m=1

The time series identified by integer subscripts may or may not be all

different.

Note. The assumption of Joint normality is not essential; any Jjoint

moment of a process can be expressed as the sum of two terms: a Gaussian
part, being the value of the moment for a normal process, and by sub-
traction a non-Gaussian part. In many cases it is possible to give the
non-Gaussian part a Fourier representation and to show that its contri-
bution is asymptotically negligible. This concept, introduced by Magness
(195L), is applied by Parzen (1957) in the case of fourth moments, but

the details will not be spelled out in the present more complicated case.
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Proof: The proof for general n can be given most clearly by first

writing out in detail the cases n =2, 3, 4 (the case n =1 is
Lemma 2).

The case n = 2. We have

EL(£,(0)-F15(0))(£5), (0)-£5) ()]

- (55)2 5 j? ZOBIX () Xy(the) X(ty) Xﬁ(t2+v)]e'i(u+v)w k() k()
u,v T tl’tQ

- flg(w) f54<w)

where we have used Lemma 2 in subtracting off the means. To evaluate the

expectation we apply Isserlis's formula (1918), obtaining

BIX (8)) Xy(010) X(t,) X, (t,4v)]
ng(u) RBA(V) + RlB(tg-tl) Rgh(t2+v-tl-u) + th(t2+v-tl) R25(t2—tl—u)
Substituting
Rjk(v) = f—: fjk(x)eiw‘dx

and using Lemma 1, the central moment is approximated for large T by

Jetd =3

[ en oo (1500 1,(0) Ky(ueo) K ()

+ £, (%) fo3(1) Ky(r-0) Ky(utw)ldr au

[0 goeoa [ ) e - 10 250

T
1 116
where DT(G) = 5= 5ot Now, DT(X+H) is the dominating function
T==T

in the double integrand, since DT(O) = 0(T) while KM(O) = 0(M). The

function DT(h+u) is a delta function at u = - A, since
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b

r

D (AHu)dp = 1 .
J o=t T ’

If T - o "faster" than M, the central moment is approximately equal to

; |
[ 1500 £,(0) Ky(hew) Ky(-hw) + 21, (0) £y (1) Ky(he) K (-Aw))an

J =7

7 .

T
+f—n fle(x) KM(x-m)d}\f_Jt fih_(u) I{M(u-w)du - flg(w) fBLL(w)

But since also M - »; then KM(@) is a delta function at ¢ = 0, so that

the mean correction terms cancel and the limiting value is

) |
e (0) t(-0) [ Gvu)an ol £0, %,
o=
i
B8 (2 (w) f5(-0) + £15(0) fgh(.w)}u/“_jT K (h-w)an lo] =0, x .
Since

T n—i ® n
f K&(k-w)dx =M f K (N)an, n=1 2,
-7 J =0

we can write finally

2 2 omt P”
E[(flg(w)-flg(w))(fﬂ(w)—fﬂ(w))]/-—ﬁj——/:m R0

e

£, (0) T5p(0) lw[ #0, =

SMOESNOREMORNC lo] =0, = .

These formulae agree with those given by Rosenblatt (1959, p. 256).

The case n = 3. We begin by noting the identity

H = H + 1 + 4+ t
Hige T Hige 7 HiMgx T MM T

+ ! 1 1
3 Py Babhye

iJ i
where p' is the ordinary and p  the central moment of random variables
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indicated by the subscripts.

Applying Isserlis's formula as before we obtain

12,30, 56
- 515)5 |u|T<M ]VI§M l ]-/EM -i<U+V+S k( k( : k( ) T5 :—ljll- z-‘l‘:i :FI:SI
< = A 1 2 3
{#lz(u) [RBA(V) R56(s) + R55(t5-t2) R46(t5+s-t2-v)
R56(t5+s—t ) R u5(t -t -v)]
+ Rl5(t2— L 24(t V-t -u 56( 25(t -ty -u) Rh6(t5+s-t2-v)
+ R26(t5+s-tl u Ru5(t -t -v)]
R (bprv-ty) [Rys(tp-ty-u) Rog(s) 25(t “t,7u) Ryg(ty+s-t))

+ R26(t5+s -t -u) R (t5 t2 ]

Rl5(t5-tl) [R25(t2-tl—u) R46(t5+c—t -v) + R u(t V-t -u) R 6(t 8-t )

+ R26(t +s-t, -u) 5h(v)

+ Rl6(t5+s—tl) [REB(tg—tl—u) RA5(t5-t2-v) u(t +v-t -u) (
+ Ryg(tytyu) R 54<v>}

“*ﬁ?%%56"%4%2;%"%@%254"‘%?%%56‘

On substituting
i

_ 1VA
R.k(v) = k/iﬂ fJ (N)e™"an

and using Lemma 1 for the terms where its condition of validity is

satisfied we obtain the approximation for large T
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7
0T
= an du av
“12 )54) 56 ufu’/ u/
-7

{2100 50w L5 (0) Ky (ms) 2550 (-0
+ f55(p) f46(v)_KM(v+m) KM(v-w) %% DT(M+V)

 Tgg(i) Kyl-w) £ 5(v) Ky (v+o) -2—% Dp(utv) ]

15 (0 Kylwrw) o Dy [, () Ky(uew) £5(9) Ky(v-0) e Dr(n)

| 2x

+ Tp5(k) £6(v) Ky(vrw) Ky(v-w) S5 Dp(v-r)

+ (k) K (u-0) f%(V) K (viw) %’3 DT<V'>‘)][

+ £, (0 Ky(h-w) K (o) %; DT(%+H)[f25(M) f56(v) KM(v—w)k
# £ys(k) £56(v) Ky(v-0) 5 Dp(v-n)
+ f26(u) KM(u—w) f55(v) —2@5 DT(v—x)j

+ f15(7\) KM(HW) Kﬁ(v-w) -23_15 DT(MM)[feB(LL) f)6(v) K (viw) %’l D (=)
* 1) Ky(ue) £,6(v) 5 pplu-v) |

# £6(1) K (u-) kg (V)]

2n

* 1600 K (n0) K(to) T og0un) 15 (0) £,5(0) K, (i) B mplev)
* 2,0 Tlu-0) £ (1) B oluew)
4 2p() £5,(0) K (v-0)1}
" Hiptsl o6 T Msutip,s6 T Msgtia,sn T Matsutss ¢

A. Assume le % 0, .

Of the 15 terms in braces, consider the lst, 3rd, Tth and 15th.

Using the result for n = 1, 2, these terms are seen to be asymptotically
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equal to

HioHsytag * Hiotsy 56 F Hsetin, syt Hsutin 56

and are therefore cancelled by thevmean correction terms outside the
braces. Next consider the 9 terms numbered 2, 4, 5, 6, 9, 10, 11, 12, 1k.
Each of these terms contains a pair of kernels such as KM(v+w) KM(v-w)
and is therefore asymptotically negligible if |w] # O, m. Consider

finally the 8th and 13th terms, which are

231 Eff/ an du d"{ 14(x) f25(u 56(") D (%.+u T(v-%.)KM(x -w) KM(““” KM(V ~w)
+ £1.(0) f25(u 45<v p(A+) Dplp-v) Ky(h-0) K (u+o) KM(V'HO)\\)

We evaluate the first of these by the following procedure: the kernel

D (N+u) picks out u = - A, on integration with respect to u, giving

o

the approximation

<gT£)2 [/ fm(k) f25(—>\.) f56(v) DT(V-?\) KM(x-w) KM(->\.+w) KM(v-w)d%. av ;

-7

the kernel DT(V-A) picks out v = A, giving

7
2,2
() f_ﬂ 220, (M) T,0(M) 25500 Ky () K (hr0) Ky (n-w)a
the kernel KM(A-w), which i1s symmetrical sbout w, picks out A =
giving

T T (0) fps(-e) f0(0 f KMO‘“’

o u(w f52(w) f56( ("";M)2 f KB(x)dx

(W)

The second term is similarly found to give
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T -
(gT—TE)gfu/F 1600 Tos (1) £, 5(1) D) Ky(h-w) K () K (nto)an du
-1

: (8P /“Tr £ () T (A) £, (1) K (hew) <-£+w> (=rt)
B Y S 1 23 L5 RV ol RV

i
(%—E—(‘s)2 fl6(w) f25(~w) f@(mw)f de(x-w)dx

J -~

Il

£ (w) f . (w) £ ‘(w) (@-M)2 KB(k)dk .
16 32 54 T

J =0

B. Assune lwl = 0 or m.

The first term in braces still gives “i2“§h“%6’ while the 2nd and

5rd together give H12“54,56"the bth and 7Tth give and the

1]
Ho6t2,5)
= . ) . .
12th and 15th give uBh“12,56' These terms cancel with terms outside

the braces. The remaining 8 terms all contribute to the result, which
can be written down, remembering that

fjk(w) = fjk(~w) ir s lwl =0, n .

We have thus proved that

ﬁ90

E[<912<w>~f12<w>><%54<w>~f54<9>><%56<w>_f56<w>>]//<§§M32&/_m ()

Z f14<w) f52(w) f56(w) + fl6(w) f52<m> fSM(m) lw| # 0, =

Z fl5<w) f25(w) f46(w) + flﬁ(w) f26(w) fu5(w)

+h

*(0) £y5(0) 250(0) + 2 (1) £5(0) £ ()
1 g0) fp(0) fp(w) + £ (0) 1, (0) £6(w)

+ fl6(w) fQB(w) f@(w) + fl6(w) £, () f55(u)) lo] =0, = .
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The case n = 4. We do not write out this case fully for the

pattern of derivation is already apparent. The moment identity becomes

! = + (! T
Higke T Migke (g Mot i)

R TRIT. +
+ (] HiMet ukuﬂuij) DTN

Isserlis's formula now has 105 terms each being a product of 4 covariances.
We imagine the expression in braces for n =3 being written for n = L4
with the same convention for the order of terms, and evaluate it in the
same manner.

A. Assume lw{ £ 0, w.

The terms appearing in the following places are cancelled by mean
correction terms outside the braces: 1, 3, ..., 105 (15 terms). The
following terms approach zero: 2, ..., 104 (81 terms). The following
terms have a non-zero limit: 33, ..., 105 (9 terms).

Care is needed in evaluating these nine terms. In the first one,
the quadruple integral factors into a product of two double integrals

each of which is evaluated ag in the case n = 2:

(ok)? T2 1 11,00 £,5(0) DyO) Ky (o) K (r)an as
(gﬂT) (ex)’ Jf 1 55(8) Tgo(6) Dp(t+e) K (6-w) K (o+w)dae de

2 G TR 21,(0) £5,(0) f5500) 24(w)

The fifth and ninth are of the same type. The remainder are like the

gecond one:
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<§%T)“ ()| [ff £, T55(0) £54(6) £ (6) Dp(r-€) Dp(u-6) Dy(&+o)
Ky(h-w) K (o) K (e-0) K (o+w)dr du dt de

. 21
L (2=

2 B TR0 2, (0) 1,(0) T0) £ (o)

B. Assume lw] = 0 or m.

The following terms are cancelled by mean correction terms:
1, ..., 10% (45 terms). The following terms have a non-zerc limit:
17, ..., 105 (60 terms). The 60 terms are evaluated by the method used

above. We obtain finally (suppressing the frequency )

21M 2
(_T” I K?(k}dx) {fluf52f58f76 + fl6f52f58f7lL + f18f72f56f54}

21M,3 Ly .
(57 J RO {fluf52f58f76»+ flhf72f56f58 " f16f52f74f58
FT6Tr2T58 5, * Tigfsalsufre * Tigleplsetyy)

if lw| £ 0,

(B 7 e (s

Ih»

l5fgbrq-fwf%)(f57f68+f58f67)
+(fl5f26+fl6f25)(f57f48+f58f47)
e Tog* gl ) (T3 586+ 567, 5))

s (B2 7 R ogan (¢

T 137250768 T o T TigfogTyit) )

if |w| =0, x .
The number of terms in the last braces is 48. For comparison of these
results with the general recursion formula in the statement of this
theorem, note that, for example, the term in (@%M f K?(k)dh)g for

lw| # 0, © is equal to

"12,50M56,78 © M12,56M54,78 T M2, 78450, 56
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The cases n =5, 6, 7. Proceeding in the same way we obtain the

following results, suppressing the frequency w:

E[(§12-f12)...(§9 107 10)] 2 EE’ 1 oo [ P oa

(10,20 (FsgTo6Tr 165 1076T98)

T

* 6T (Taafou Ty 1013 10574798

52(
* Tl (T5atoy T 10 o f ) Top)

+ £ lof92(f56f7uf58+f58f54f76)]
+M%ﬁ) if fw] #0, x.
~ N . 27M 3
B p-Typ) o (fyy 57Ty 1)) = (5 ) K (n)an)

{f (f

Wiz T58t76%g 12711 1075 10%96T7 12711 8%F5 12711 677 10T98)
6T (TagtTe 12711 105 10%ouT7 12711 875 12511 4F7 10798)
gt (TaTa1fe 12711 1075 10fouTs 12711 6%F5 12711 1% 10706)
t 1 10Tty 10711 87387, 5 12711 64T5 10711 1T s8fe)
NS 12f11 2<f56f54f7 1of98+f58f7uf5 1of96+f5 1of9uf58f76)}

+ (™) ir ol 40, 7.

. 7 My,

EufmaﬁEL.&fE mfﬁjlﬁﬂ = o( (57 lw] < .

General n. A study of the derivation for n =3 and n =4 chows
the origin of each term in the resulting formula; the formula for general
n can then be written down as in the statement of the theorem.

The identity with which we began the proof for n = 3, 4 becomés

' = ST TE roL.ou!
S Hi..on T Hp K L M Hy M

Lo
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where {il’°"’in} ig a permutation of {1,...,n}.

1
Isserlis's formula has 1.3.5...(2n-1) = LEE%L- terms. The number
ni2
of terms contributing to the general formuls is

n

a
Y, (-D()(n-a)t o] #0, =
a=0
9} - 1
Y (_l)a(z) (2(n a)i;a ol =0, x .
a=0 (n-a)! 2
The expression for }w] = 0, ® 1s obtained as the number of ways of

pairing the integers {1,...,2n} so that no pair contains an odd
integer together with the integer exceeding it by 1, and for 1w] ¥ 0, =
so that in addition each pair contains one even and one odd integer.
Given the first round draw for a competition, these expressions give the
number of possible second round draws in a round-robin tournament

(lw]=0,7) and a match between two teams (|w|#0,n). The values for

n=1, ..., 6 are given in the following table.
Table 1
Number of terms in formula for HlE,...,Qn—lEn
n lw| £ 0, lw| =0, =
1 0
2 L
3 2
i 9 60
) Ll Shl
6 265 6040

b1



T

We note that

A

B ()25 (6)) (T ()T, 1 o (0))] = O (W/T)®
where

x = [==], n=2,3%, ...

As a Tirst application of Theorem 1 we can immediately write down

moments of the estimated autospectral dengity, assuming f (w % 0.

Table 2

m@wmkgfmmV%fm

m lw] #0, = | lw] =0, =

1 0 0 ‘

> 270 [ K2 (X)an 2 28 1 Eo0an

5 | a2 1 () B2 § 1 (r)a

S TC NS S SE 1220 [ e
6P [ k' (Ma %u&%%Bfﬁmmx

Corollary. The case when some spectra are zero. If 'k of the n

spectra appearing in any term of the right- hand side of the general ‘
n

i i t W th
formula for E{jul(fgj_lygj(m) f2j—l,2j(w))] are zero a and the spectra

are sufficiently smooth, we proceed to improve these terms by analogy

with the note to Lemma 2. The following changes are made:

(a) Bach of the k spectra f(w) is replaced by " (w).
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.

(b) The term is multiplied by

0

2

() | x'Ovan is replaced by /« 'kek‘Kn

(N)an.
u‘] 20 (O]

(d) TFurther expansion of other terms in this mannef may be needed
to preserve the order of approximation.

In the cage that £ of these k secona derivatives are zero, wve
make the following further changes:

(a') Each of the ¢ ,second derivatives‘.f"(w) is replaced by

@y)<

w) .

2»42}‘
\2k 0 |

K*(\)an  is replaced by / Z2(E=2)thbyn g a0

(o]

£

(b') The factor lu

1 |® .
ﬁ ——5) in (b) is replaced by (
‘ = ' LM

2M

0

(c') The factor /ﬁ

(ar) = (a).

Higher order zeros of the spectra can be treated similarly.

If any of the spectra appearing on the left-hand side of the formila
is zero, the formula is unchanged, except that the mean correction is now
i ! i T

E[-Ej_l_gj(w)] rather than f23~1w2j(w) for the mean correction terms

are modified in the same manner when they appear positively and

negatively and, therefore, still cancel out.

3.3 ‘Mean and Variance of the Estimates of Coherence .

Theorem 2 Tet

1 oM ° 2
n - —%_ d/:-oo Ig(k)d}\

0

f K (\)an
K =-vd—oo _ 1.

° ( ['éo‘KE(k.)dx :

and let

k3



Then for stationary normal processes with sufficiently smooth spectra we

have to order n—B, that is, to order (M/T)5: if le 4 0, m

- 1 2 2 2
EW] =W + = (1-w)° + ;5 (1-w) (W—KO)
var[ﬁ] = % w(l-w)2 + i% (l-w)2 (1-2w(1+2KO)+15w2)
n )
and in particular
o 1 2
E[W|w=0] = = 5 Ky
n
Var[%1w=O] = j@
B n
while if Jw| =0, =
E[ﬁ] =W + % (1-w)(1-2w) + f% (l-W)(~2KO+(5+4Kb)W-hw2)
n
Var[W] = % W(1-W)° + j%-(l-w)(l*EW(15+8Kb)+2w2(25+8Kb)—52w5)
n .
and in particular
N 1 L
_"E[wiwzoj =5 - 3K
‘ ) n
Var[ﬁ[wsoJ - 2
n

Notes:

1. For the interpretation‘of the quantities n and Kb see
Section 4.

2. The normality assumption is not essential; see the note to
Theorem 1. |

3. The diffefent orders of magnifude of the wvariance of ﬁ when
W =0 and when W # O has a counterpart in the estimation of the

ordinary multiple correlation coefficient R2; gsee Kendall and Stuart

(1961, p. 341).
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Proof: We use the Taylor series expansion . (suppressing the frequency w)

A A

/e F ]

BlW] = [f 355

Gk kg

1}

2 2
W E[(l+gjk)(l+gk )(1- 8351835 o ) (g e - e))

where
~

valid if W # 0. Since we wish to retain terms of order (MZ/T)2

retain terms of the fourth order in the g's. Therefore, write

= t -+ - -
E[W] = WE[L + 8k * 8y T 8y gkk

2
+ + + g +
€55 T Byaix T B (ByctEyy) (8 5te) * B8y
e 2 2 2
- (g7 .+ g, te. e, te ) + (g g, ) (e 8. .8, *
(85578 3810"8 5 58k gik) (&5yv8y ;) (855785 58, 8,

1

(gjjfgkk)g.kgkj

- (ng Bys) (g5 +g

e
_l_
gJJgkk gjjgik S
8. T8, g2 -
JJTkk T3 kk

.l.

g, kng(g 8538t g )] + o((w/T)?

The expectations needed here can be read off from Theorem 1, in particular
from the special cases stated fully in the course of the proof of that
theorem. These expectations are listed in Table 3 for ]wl % 0, m. and

Table & for |w| = 0, n. We use the notation

=
I

= & /ﬁoo K?(x)dx

1 T J o

_eme s
N, = ( 7 &/im K7 (N)an

k5



Thus wé have the relations

% =Ny
Ky = (NE/Ni) - 1.

As an example of the way in which Tables 3 and L4 were constructed,

consider

E[gjkgkj] = E
- £
“jk,kj/ 5k 3

= N if Jw| £0, n

lfjjfkk/fjkfkj
= Nl/w s
agsuming W % 0. On inserting these expectations in the Taylor series

expansion we obtain

E[W] 2

. 2
W o+ Nl(l-w) - 2N2(1-w)

+ 2N§(1-w)2(1+w) + O((M/T)B), lw| £ 0, =

i

W o Nl(l-W)(l~2W) - kv (1-w)(1-2wW)

o

+ o (1-W) (2-W-la ) + o)), ul =0, %,

from which the mean values stated in the theorem follow., If W = 0,

the Taylor series expansion becomes
D

~ A A 2 2
= f —g. g~ ) (g e
E[W] (l/fjjfkk) E[fjk kj(l 8557853 N (1-g,, e, | )]

but the results for this case can be obtained gimply by substituting

W =0 in the results obtained for W # 0.
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Table 3. Expected Values of Functions of Spectra, |wl £0, =«

Function Expectation
.. . 0
€557 &k
2 2
- - 5 N
gJJJ bJJng) ng 1
gjjgkk N W
8 5185 Nl/w
85..; 2 - S g..8. 2N
Jd JJ-dk JJTdk 2
e g 2N W
853 %k 2
.. . +
€5381a8 3k N2(1 W)
-3 . N (1+1
gJJngng 2( /W)
2 ,
8518k 2N, /W
4 3 2 :
3
2 2 2
€5 381k Nl(l+2W2)
; e
2
€358 8x; N (2+1/w)
85 1818 31 N§(2+w)
g g2 g 8. .8 N2(1+2/w)
335 %ky7 835885y 1
2 2 2
8 18y 3 Nl(1+2/w2)




Table L.

Expected Values of Functions

omecUe,]M = 0,

Function Expectation

8597 G °
€557 385 Ny
&£, g8 N, (1+1/w)
jk’ Jk°kJ 1M
gjjgkk 21\T1W

3 2
&350 83585k oy
g 82 g..:8..8 2N +
3383 855858k, 2 (3+1/W)
& g 8

358Kk N, W

2
&8 ; 2N, (143 /W)

3

€157 B3sfax 1211

5 2
gjjgkk 12N1W

2 2
€ P WY (1420
2 2 2 2

2 2 2

2 2
& 518k 5

305(1 + 2/w + 1/iF)
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For E[WE] we use the square of the Taylor expansion given above,

again retaining terms of the fourth order in the g's. We have

2 2
T8y T ey st * 3y - Heg e ) (s

+
Jd Jd gkk)

+

2 2
+ +
€3k ”gjkgkj €1
' 2
Jd

1

° )

2 2
2(2 + + +
( g ,ngjgkk ngjgkk 2gkk

+

2 2
( + +U +

2 2
- 2(g, .+ L the L g e
(8 5*8g.) (€57He 5,8, 7). )
2
+ +
CCHICIC I
I 3 2 2 3 It
+ 5g. ..+ 8g7 . + . + 8g. +
2835 T OBssBrx T 9858 08y 8 T D8y

5
2
4(gjk+gkj)( 83

2 2
+ +
ngjgkk 5gjjgkk+2gik)

_|_

2 2 2 2
+ + + +
(gjk hgjkgkj gkj)(ngj hgjjgkk 381.)

2 2 2 2 ‘ 3
! + ; +
eyt (88 88 ) * 885 ] + o((/T)7)
By the same method we obtain

B[V ]

2

W+ ule(1~w) - 8N2w(1-w)2

+ 21 (1-W)° (1-2w9W ) + o((y/T)?), ol # 0, =

n

W+ 2le(1-w)(5-uw) - 8N2w(1-w)(5~uw)

+ 5N§(1-W)(1-5w+2uw2-24w5) + O((M/T)B), lw| =0, n,

from which the variances stated in the theorem follow. The proof of
Theorem 2 1c now complete. It may be noted that in taking the Taylor

e

series expansion for E[W] and E[Wg], allowance was made not only for
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the variance of the numerator and denominator of W, but also for the

correlation between numerator and denominator.

3.4 Comparison with Goodman's Distribution

The quantity n in Theorem 2 is known as the number of degrees of
freedom for the estimates; see, for example, Amos and Koopmans (1963,
p. 26). It is not restricted to integral values.

The quantity Kb reflects the extent to which the spectral window
departs from being rectangular; its value is zero for a rectangular
window. Some common windows are listed in Tables 5 and 6 with their
formulae. This 1list corresponds to those given by Jenkins (1961,

p. 146) and Parzen (1961, p. 178). The value of K., together with
the second, third and fourth moments, is given in Table 7 for each of
these windows.

In a valuable thesis Goodman (1957) derived the approximate
agymptotic distribution of the estimated spectral density matrix ﬁ(w),
and from it obtained probability distributions for several functions of
the matrix including the.square root of coherence (p. 125), whose
probability density is:

202 & W 2(n+k)
k=0 T (k+l

2(1-w)"

o= () = may Ty A
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Table 5. Some Common Lag Windows.

Identification
number Name Formula for k(u), |ul <1

1 | Bartiett (L)1

2 Bartlett (2) |1 - |u]

3 Hamming Z(1 + cos m)

4 Hamming .54 + .46 cos mu

5 Parzen (1) | 1 - u°

6 Parzen (2) |1 - 6u° + 6ul?, uf <2

2(1-]u] ), s<usl
7 Daniell EEEEEQ
Table 6. Spectral Window Generators.
Identification
number Formula for K(\), -0 < A< oo
1 (sin A)/mon
2 2(sin % x)g/nxg
3 {.50(sin N) /A + .25(sin(nn) Y(n+nt) + .25(sin(h-n1))/(h=n)}/x
i (.Sh(sin N)/N + 23(sin(h+n) )(Atn) + .23(sin(h-%))/(n-1)}/x
5 2{(sin x)/xB - (cos x)/xg}/n
6 5((sin(n/4))/ (\/4))"/8x
T 1/2hM , - hM < A < hM
o, otherwise

51



Table 7.

Moments of Spectral Window Generators.

K, =
Identification [ ) a -1
number fK2(7\.)d>\ fKB(x)dx / Ku(k)dh (f K2(7\)d>\)2
1 318126 .075991 .021501 -'.249150
2 .106103 .013932 .001933 237542
3 119366 .015723 .002182 103492
L .126488 .017946 .002686 121681
5 169764 .029763 .005527 032727
6 .085830 .008419 .000873 . 142832
7 1/2nM (l/2hM)2 (1/.2*1@/1)3 0

52




In the course of hie‘defivation‘Goodman made many approximations, the
key one belng the replacement of the qpectral window by a rectangular
window whoee helght aﬁq w1dth were chosen appropriately (see Amos and
KOOpmans; l965,~pp 24—25; in‘this,reference extensive tables are given
for the: dlatrlbutlon of /w (w :‘f As a‘result of the numerous
vapprox1matlons and heurlstlc derlvatlon, Goodman distribution hds not
‘ been fully trusted (cee, for example, Granger and Hatanaka, 196k, |

p 80, 2 5, note that the dlstrlbutlon functlon and table given by

Granger on: page 79" of thlq reference, purportlng to refer to W (m/,

actually refers to /W (w) due to a mleuse of the tables of Amos and
Kooomanc‘(l965) vWe‘may alsg quote here from Jenkins (1963, p. 272):
" ..anyeconfldenceeiﬁtervale for epectra shbuld at best be regarded as
rough‘guides beeause’Of“tﬁeeéperXimations‘and aesumptions made ‘in
their deriyefion.;f';h ;Heweyer, Goodman's -heuristic derivation has now
"been ﬁaae’rigdroue ey;ﬁéhbe;(i966); while we_have in our Theorem 2 the
means to»exemiﬂe‘fheleffécf‘ef‘the ?eetangular window assumption.

In a cése of'chief intereet, nemely, the case ij = (0, Goodman's

distribution becomes

.doﬁ:O(W} = (n—l)(l-w)n’gdw, O0<w<1
wherefwe‘have made'the tranefofmation_from the sQuare root guantity to
coherence ag defined thSection 1.4; that iS;‘ij(w}/(n~l> has the
beta distribution B(1,n=1) when 'ij(w) = 0. From this distribution

we derive

E[V/}.EW:OJ =%
; Var [W]W=0] = (n-1)/n°(n+1).

=
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These values agree well with those obtained in Theorem 2 for n exceeding
about 5 (depending on the window used). We conclude that Goodman's
rectangular window assumption has led to reasonable results, in the case
wjk(w) = 0. For very small values of n further accuracy may be desired
and can be obtained by taking further terms in the Taylor series
expansion in Theorem 2.

It should be mentioned that a first approximation (again using, in
effect, the rectangular window assumption) to the variance of the
estimated coherence has been given by Jenkins (1963, p. 275); however,

his definition corresponds to our /ijiw) > 80 that no direct comparison
/

is possible.

5.5 Testing for Zero Coherence.

The first comment that must be made in considering the application of
Theorem 2 is that it can be useful only if the truncation point M is

so large that

£ (w) 2 )3 R.k(v)e“lvw, j=1,2; k=1, 2
J vi<u 9

This requirement applies to each of the autospectra as well as to the cross-
spectrum. It is assumed that the same value of M, and the same spectral

window, is used for all three egtimates

N OFEINOREN®

This will as a rule be wise only if both autospectra have been pre-

whitened and the cross-spectrum has been preflattened. If this has been
attempted, one can test the null hypothesis that ij(w) = 0 by means of
the test statistic

Sk
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Q‘l A A A
W, - EH L(r3/a) + %(wjk(oﬂwjk(rt))wr

4

where Q + 1 1s the number of points at which estimates have been made.
The estimates ﬁjk(ﬂJ/Q) are not in general entirely independent
at different frequencies. They are, however, asymptotically independent
gince kernels which have peaks at different frequencies almost annihilate
each other on being multiplied together. For the test, which will be
proposed, to be valid 1t 1s necessary that the kernels at neighboring
frequencies do not overlap to any great extent; we assume that the chosen
value of Q satisfies this requirement. Then according to the central

limit theorem we have asymptotically

i

[apverti, ()13, (o) = 01 NGBl () () = 01) ~Th(0,2) |

the effect of the different contributions from frequencies O, + % being
negligible in the limit. It should be noted that this asymptotic distri-
bution applies whén T/Q -~ oo and Q - » simultaneously.
We, therefore, propose the test procedure: reject HO: ij(w) =0
if i
W > %—;%KOnLda/n/Q

and accept H otherwise, where da is the upper one-tail & percentage

0

point of the standard normal distribution. The critical region then

depends on the window K(:), the number n of degrees of freedom, the number

Q + 1 of estimation points, and the level of significance «&. The
factors governing the choice of the significance level, which is at the

disposal of the statistician, are the same as arise in the general
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classical hypothesis testing problem.
To illustrate the test procedure a pair of incoherent white noise
serieg wasg generated on a computer. The estimated coherence ig shown in

Figure 1. The details of the test procedure are as follows.

T = 200, M= 40, Q = 40, Ky = 0.1428 (Parzen window)
n = 200/ (40 X 2n X 0.086) = 9.4

W, = 0.10653.
Jk

Hence under the null hypothesis we have, for an observation on(Yl(O,l),

the number

0.1065 - (== - —2 _ x 0.1428 X 9.4 xJ0
I (9.)?

= 0.1843

Therefore, the null hypothesis is not rejected.

It is no doubt true that the measure of information épjk proposed
by Gelfand and Yaglom and defined in Section 1.4 would provide a good test
statistic for the hypothesis of zero coherence, but since its distribution
is not known we have preferred the statistic ngk’ which alsc seems
natural and satisfactory.

It is also possible, of course, to test other null hypotheses about
the true coherence; we have given the results in Theorem 2 for any

values of ij(w) partly to enable the power of the test of H. against

0]

specified alternatives to be computed and partly because if & bound M
th gt signifi t i

on the greatest significant lag in Rjj(v), Rkk(v) and Rjk(v)

simultaneously is known (see Section 2.1 (iii)), then prewhitening

and preflattening might on some occasions be dispensed with, so that
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non zerc true values of ij(w) will be of interest.

Confidence ietervals could be constructed for ﬁ_k(w), -t <w< n,
but the difficulty of interpreting a joint confidence interval applying
to all frequencies in an interval, or to all of a grid of frequencies,
is so great that we regard the use of such intervals with disfavor; this
is an area where research might be considered desirable, to provide a
statistical tool which can be used not only in time series analysis but
also in other situations calling for a joint confidence band around a
large set of estimates. A forthcoming paper by Van Ness and Woodroofe

(1966) contains a partial result in this direction.

3.6 Shifting the Lag Window by the Estimated Phase Derivative

The method of cross-regressive filtering may not always be the
test method of estimating the cross-spectrum and coherence, for it depends
on the validity of the model stated in Section 3.1. It might be of value
to have a procedure which is not based on any such model.

A different approach has been suggested by Parzen (1965, pp L6-48).
The idea 1s that, since the central problem of cross-spectral estimation
arises from the possibility that the true cross-spectrum is not flat
compared to the spectral window used, or, expressing this in the time
domain, that there is significant cross-correlation at lags v receiving
a small weight k(v/M), one would like to center the lag window k(v/M)
(see Section 2.2 (ii)) at the point +v* at which ]Rjk(v)[ takes its
maximum value. This will clearly be a very good procedure if all the
significant relationships occur at lags elose to v . Parzen suggested

as a first approximation that v* might be taken to be the estimate of
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the derivative of the phase angle, using an argument occuring in an
electrical engineering situation (Mason and Zimmerman, 1960, p. 367).

- Parzen's (and Mason and Zimmerman’s) analysis is based on a
particular choice of an asymptotic expansion of a function of a complex

variable (Parzen, 1965, p. 45):

il

LM = T (0) Gy (0) expl-dlp, (0] + (h-w) @7 (6))]

= fjk(w) expl-1i(A-w) @3;k(w)] H

the notation is defined in Section 1.5. The limitation of this analysisis that
this particular choice of expansion is relevant only if all

significant relationships occur at lags close to v*, for only then will

the gain be relatively constant and the phase angle the chief source of
variation of fjk(w) with respect to w. This situation may arise

frequently in electrical engineering and other fields, but it can hardly

be considered to be the general case. The simplest case which illustrates

our point (though this example is not chosen for realism) is

e(t)

e(t-L) + e(t+L)

il

x4 (t)

%, (1)

Il

where e(t) is white noise. In this case the phase and the phase

derivative are both identically zero, so that no shifting will improve

matters, and the bias in gjk(w) will be (k(L/M);l) X 100% which is

- 100% if L > M. |
However, the idea of shifting the lag window could contain the germ

of a workable method, which we attempt to develop in the next section by
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taking into account not only the most important lag v* but all

significant lags.

5.7 Best Linear Preflattening

In an attempt to obtain a general method of cross-spectral estimation
which does not depend on the validity of the cross-regression model, we
consider making a linear transformation of one of the two given series,
in which the coefficients will be chosen so that the new cross-spectrum
will be ag flat as possible in an appropriate mean square sense. This
is clearly a generalization of the shift method described in Section 3.6;
in that case only one coefficient was allowed to be non-zero.

Let the series after transformation be

1§

Yj(t) X.(%)

L}

A(s) Xk(t-s)
b

v (t) =

e

e
The range of ¢ should cover all significant lags of the cross-
correlation function; since we no longer have the cross-regression model,
the appropriate values of p and g will have to be Judged by examining
a graph of ﬁjk(v), in the absence of prior information; alternatively all
lags available from the given length of the observed series could be
included.

(i) A single transformation to serve for estimation at all frequencies.

We can attempt to make the cross-spectrum between Yj(t) and Yk(t) as
flat as possible, in the sense that the variance is a minimum, by minimizing

the quantity
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7T
® = 5o \/iﬂ Ifjk(x) b|< an

where D % O 1is a real constant, upon which the solution will not depend;
in this section superscripts will indicate the X or the Y series.

Thus

2 .
= 5L 5 AGs) B (vee) K(H)F - 20 L R (La) 4+ b2
= Z{éﬂ 2 A(s) Rjk(v g) k(M)/ 2b 5= 5 A(s) Rjk( s) +b

The minimum is achieved by differentiation, giving the linear system of

equations

e

A(s) = R®
v

~x 2,v ox .
Jk(v-s) Rjk(v-u) K (ﬁ) = 2nb Rjk(-u)

£=-p
Since the solution A’(s) depends on b only to the extent of a

multiplicative constant, we can take for the transformation

Als) = a'(s)/z[ar(x)], S ==Dy ..+, Q -
The preflattening transformation defined by the weights {A(s)} is
designed to play the role which was played by cross-regressive filtering
in Section 3.1. The estimated cross-spectral density function of the

X series will then be

~ o~ -] a

FE(w) = Y (0)/z A(s)e™ %Y, lw| < .
J Jk S =

It may be noted that in the case of lagged white noise,
Xk(t) = Xj(t—L), if we replace the estimated cross-covariances by their
b'e . . A
true values, Rjk(v) = SV,L) the solution is A(u) = a-u,L so that the

indicated transformation is
Yk< G) = Xk(t+L) D
as expected.
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As another illustration, we compute the appropriate linear

transformation for the example given in Section 3.6, namely,

xj(t)

x, (t)

e(t)

e(t-L) + e(t+L)

where e(t) is white noise with variance 02. In this case

X 2
= +
Rk(V) ML
2
x o
fjk(w) = —cos L .

The linear system of equations becomes

Aw) (6 ((wrn)/m) + 6 ((u-1)/M)] + A(u¥2L> K2 ((u-1)/u)

+ A(ueL) K2 ((utl)/M) = (27b/o”) By -1 4= -p,..

The solution will depend on the window k(-) used, but the nature of

.59 .

the solution can be seen by replacing the window by unity. The system

of equations then becomes

2A(u) + A(u-2L) + A(uteL) = ¢ 6|u|~L .

If L =1 and p =g =2, this becomes, in matrix form,

2 01 0 o][a(-2)] F o ]
02 0 1 of|A(-1) c
gl 0 2 0 1] 1A(0) = 0
01 0 2 of|a(n) c
0 0 1 0 2]|a() | o

The solution is
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At(-1) = A'(1) = ¢/3, A'(-2) =A'(0) =A'(2) =0 ;
the general solution is therefore

A(-L) =A(L) =%, A(s) =0 it el 41 .

ol

Thus the series after transformation are

Yj(t), = Xj(t)
1 1
Yk(t) = 5 Xk(t-L) t5 Xk(t+L) s

from which we compute

y - (P -
Bp(v) = (67/2)(0, pp#20, 45, 151)
2
y = 9
fjk(w) = o= (1L + cos 2Lw)

The new cross-correlation function is more favorable than the old (see

AFigure 2) leading to a smoother cross-spectrum (Figure 3).

(i1) A separate transformation for each frequency. To improve

the estimates derived above we now restrict attention to the estimation
problem at a given frequency w. We again make a pfeflattening trans-
formation of the given series, but we now improve the choice of the
weights, say Aw(s).

The contribution to the bias in the estimate %§L<w) resulting from
all the frequencies v, - w < v < n, over which the spectral window
operates (see Section 2.2 (ii)) can now be minimized in a mean square

sense by minimizing the quantity

1 Toay 2
Y- k/iﬁ |£2(v) K(w-v) - bK(w-v)|? av
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Figure 2.

Original and Transformed Cross-covariance Function
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Figure 3.

Original and Transformed Cross-spectrum
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Note that frequencies v which are close to the given frequency w are
now given more weight than those distant from w, in accordance With the
weight function K(w-&); this is appropriate since we desire that the
spectral density be level in the region where the window is near its
peak, while oscillations which are damped out by the window are not so
impqrtant.

If the transformed series are now written

il

Yj(t) Xj(t)

) Aw(s) X-K(t'vs) »

¥, (%) :

we obtain in the same way as before the linear system of equations
B X X 2,v

Z A (s 4_ L {v-v") R, (v-g) R, (v'~-u) k (= }

2ay(e) ] B nlvevt) Ry (v-e) K (vou) i),

_ oX _ v
- Ox pw 5 Rjk(v w) L(v) k(5

s
where Lw(v) = g; \/h K?(w—u) cos vu du. If the solution to this
J -x

system is {A&(s)}, then we take

A (s) - a(s)/28)()]

Again in the (trivial) case of lagged white noise we obtain the expected

solution Aw(u) =9 0L’ though in general the solution will depend on
W

w, and fairly extensive computations are required.

(iii) Separate transformations for the cospectrum and quadrature

spectrum at each frequency. Instead of minimizing the mean squared

modulus Yw, greater accuracy may be obtained by estimating the
cospectrum and quadrature spectrum from two different transformations.
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Let

Yj(t) = Xj(t)

Yk(t) = 3 Aw,c(s) Xk(t-s)
and let

Zj(t) = Xj(t)

z,(t) = Z Aw’q(s) X, (t-s)

for ]wl < 7, and define

T
1 [ Y 2
ww’c = 30 S {Re fjk(v) K(w-v) - bw’c K(w-v)}= av
7
1 /\ Nz 2
¥ = Im £, (v) K(w-v) - b K(w-v dv .
wa = Br @R Kv) - vy K(eew)
To minimize Yw S have the linear system of equations
2

~
x

= 2TtbwJC 5 Rjk(v-u) Lw’c(v)

where B
l Y
Lw,c(v) = 3= &/:ﬂ K?(w-p) cos v du
and
1 T
L. (v,v') = — /\ K?(w~p) cos Vi cos v'u du .
w,c 27 Jox

To minimize ¥ , set A (-s%) = 1, wvhere
w,q w, e

2 x % _ o' .
IRJK(“ )l - mglejk(S)l 2

this avoids the trivial solution Aw q(s) = 0. Then we have the linear
2
system
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/\X /\X 4
(g) {‘ R (v-s) RE(v'-u) L. (v V')}
S%Q* w,q L VEZV' Jk Jk w,q P) J
~ )
= 2mb 2: ‘ R?L(v-s*) R?L(v’-u) L, O(v,v’)
2 VEV' J J 24
where ,
AR
! = = | - sin vu sin v'p 4
Ly, q(Vsv") 55 /LT (w-p) b u dp

~

~A
The weights A C(s), A, q(s) are obtained by normalization as before.
i )

One now computes

~ A

'y n y
cjk(w) = Re fjk(w)
~ gz 7

~
~

after which the following two equations yield estimates cgi(w), E;L(w);
these equations involve a slight generalization of the concept of the

transfer function:

~y 3 ~ ~x _ ~ . R x
cjk(w) = ? Am,c(q> cos ws cjk(w) S Aw)c(s) sin ws qjk(w)
~ 7 ~ \ ~x A :X

= X g) 8in ws c,. (w) + X A s) cos ws qg.. (w) .

We have spelled out the details of this approach not because we
seriously recommend it for the given problem, but to see where the shift
method of the previous section leads when extended in an apparently

logical way.

3.8 Alternative Estimating Functions for Coherence

The application of classical and decision-theoretic doctrines +to

the present problem is virtually excluded by the complexity of the

67



—

P

distribution of W(w) (see Section 3.4). In any case, the desirability

of the relation

0 < Ww < 1

means that the natural estimator, which possesses this property, is
unlikely to be given up readily.
It is possible that a transformation of the same nature as Fischer's

transformation of the classical correlation coefficient,

X

1+
5 log(I:;) = arc tanh r

would be helpful in centering the distribution more closely sbout its

mean value; but we will here merely mention the possible estimator

2 A : 1. ) 2
Wo= W- s (1-w)
1
To order ) we have
n
A o 2
E[W] = w - Ew(l-w)
Var[W] = —i—w(l—w)g

The blas in % is smaller than that in % for all values of W while
the variance is unchanged, but % can agsume negative values; of course,
one could replace negative estimates by zero, but this would increase
the bias and complicate the distribution theory. This situation is
similar to that for the ordinary multiple correlation coefficient; see

Kendall and Stuart (1961, p. 342).

We conclude that the usual estimating function
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. 17, (0)]?
W(w) = A Jk(A

fjj(m) fkk(w)

is on the whole preferable.

3.9 Summary of Recommended Procedure

A single procedure should probably not be laid down in advance for
all problems of estimating coherence but, to the extent that this is
possib]_e.J and by way of a summary, we list the following steps.

1. Eliminate non;étationarity - Section 1.2.

2. Prewhiten each series by autoregressive filtering and test by
examining the spectrum of the residuals (we assume that this test is
satisfied) - Section 2.1 (iii).

3. HEstimate the cross-regression model by stagewise least squares,
using truncation points believed to be larger than the greatest signifi-
cant lags (by a priori knowledge or after examining ﬁjk(v)) ~‘Section
3.1.

b, Test the fitted cross-regression model - Section 3.5.

5. If the test for the cross-regression model is satisfied,
estimate the spectrum of the residuals in that model - Section 2.1 (iii),
and estimate coherence by the formula in Section 3.1.

6. If the test for the cross-regression model is not satisfied, the

method of best linear preflattening could be resorted to - Section 3.7.
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reflecting the extent to which the spectral window departs from being rectangular.

The opportunity is also taken to derive formulae for joint moments of any
order of the estimated spectra. These formulae are believed to be new.. In
deriving these formulae a high level of mathematical rigor has not been achieved;
in particular, the behavior of several delta-like functions appearing in tandem
is treated in an intuitive way. To avoid this feature one would like to work in -
the time domain rather than the frequency domain but this proved impractlcable. The
lack of rigor will not affect the application of the results, as is indicated by
comparison with an approximate distribution for coherence obtained by N. Goodman
assuming, among other things, a rectangular spectral window.

Finally some miscellaneous alternative procedures are briefLy considered but
none of these is recommended. .
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