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Abstract: “Multi-armed bandits” were introduced by Robbins (1952) as a new
direction in the then-nascent field of sequential analysis developed during World
War II in response to the need for more efficient testing of anti-aircraft gunnery,
and subsequently by Bellman (1957) as a concrete application of dynamic programming and optimal control of Markov decision processes. A comprehensive
theory that unified both directions emerged in the 1980s and provided important
insights and algorithms for diverse applications in many STEM (Science, Technology, Engineering and Mathematics) fields. The turn of the millennium marks the
onset of the “personalization revolution” – from personalized medicine to online
personalized advertising and recommender systems (such as Netflix’s recommendations for movies and TV shows, Amazon’s recommendations for products to
purchase, and Microsoft’s Matchbox recommender) – that calls for the extension of classical bandit theory to nonparametric contextual bandits, in which
“contextual” refers to the incorportation of personal information as covariates.
Such theory is developed herein, together with illustrative applications, statistical
models and computational tools for its implementation.

Key words and phrases: contextual multi-armed bandits, -greedy randomization,
personalized medicine, recommender system, reinforcement learning.

1.

Introduction and Background

The k-armed bandit problem was introduced by Robbins (1952) for k = 2 in
his seminal paper on sequential design of experiments, in which he outlined
new directions in sequential statistical methods beyond Wald’s sequential
probability ratio test (SPRT). Specifically he considered sequential sampling
from two populations with unknown means to maximize the total expected
reward E(y1 + · · · + yn ), where yi has mean µ1 (or µ2 ) if it is sampled from
population 1 (or 2) and n is the total sample size. Letting sn = y1 + · · · +
yn , he applied the law of large numbers to show that limn→∞ n−1 Esn =
max(µ1 , µ2 ) is attained by the following rule: Sample from the population
with the larger sample mean except at times belonging to a designated
sparse set Tn of times, and sample from the population with the smaller
sample size at these designated times; Tn is called “sparse” if #(Tn ) → ∞
but #(Tn )/n → 0 as n → ∞, where #(·) denotes the cardinality of a set.
Thirty years passed, where Robbins revisited this problem to come up
with a definitive solution to the problem of the optimal rule of convergence
for n(max16j6k µk ) − E

Pn

t=1


yt , leading to his 1985 paper with Lai who

was working on a general theory of sequential tests of composite hypotheses
around that time. The first key step in the approach Lai and Robbins
(1985) is the formulation of an adaptive allocation rule φ as a sequence of
random variables φ1 , . . . , φn with values in the set {1, . . . , k} and such that
the event {φi = j}, j ∈ {1, . . . , k}, belongs to the σ-field Fi−1 generated
by the previous observations φ1 , y1 , . . . , φi−1 , yi−1 . Letting µ(θ) = Eθ y and
θ = (θ1 , . . . , θk ), it follows that
 X
X
n X
k
k
n
X


yt =
Eθ Eθ yt I{φt =j} |Ft−1 =
µ(θj )Eθ τn (j),
Eθ
t=1

t=1 j=1

j=1

where τn (j) = #{1 6 t 6 n : φt = j} and Πj is assumed to have density
function fθj (·) from a parametric family of distributions. Hence, maximizing
Eθ

Pn

t=1


yt is equivalent to minimizing the regret
X

n
∗
Rn (θ) = nµ (θ) − Eθ
yt
t=1

=

X

(1.1)

∗

(µ (θ) − µ(θj ))Eθ τn (j),

j:µ(θj )<µ∗ (θ)

where µ∗ (θ) = max16j6k µ(θj ). This representation enabled Lai to apply
sequential testing theory, with which Lai and Robbins (1985) derived the
basic lower bound for the regret (1.1) of uniformly good rules:
)
(
X
µ(θ∗ ) − µ(θj )
+ o(1) log n,
Rn (θ) >
∗)
I(θ
,
θ
j
∗

(1.2)

j:µ(θj )<µ (θ)

where θ∗ = θj(θ) , j(θ) = arg max16j6k µ(θj ), and an adaptive allocation
rule is called “uniformly good” if Rn (θ) = o(na ) for every a > 0 and θ ∈

Θk . Making use of the duality between hypothesis testing and confidence
intervals, they also developed “upper confidence bound” (UCB) rules to
attain the asymptotic lower bound (1.2).
The rest of this section begins with a summary of the dynamic programming approach to multi-armed bandits initialized by Bellman (1957),
culminating in the index policy based on the dynamic allocation index (Gittins (1979); Whittle (1980)) of an arm, which Chang and Lai (1987) and
Lai (1987) showed to be asymptotically equivalent to the UCB. This unified theory is reviewed in Section 1.1. Section 1.2 and 1.3 give overviews
of two areas of subsequent developments – the first extends the parametric
setting to nonparametric multi-armed bandits and the second extends it to
(parametric) contextual bandits that also incorporate covariate information
in the definition of regret.
Section 2 develops the methodology of nonparametric contextual bandits, and gives a synopsis of the “personalized revolution” in personalized
medicine and recommender systems in the past two decades, which has
called for the development of such methodology and its theory. Section 3
describes an extension of the methodology in Section 2 to high-dimensional
covariates in the current Big Data and Multi-cloud era, and concludes with
related literature and further discussion.

1.1 UCB rule and Gittins index: Asymptotic theory
1.1

UCB rule and Gittins index: Asymptotic theory

Bellman (1957) introduced the dynamic programming approach to the 2armed adaptive allocation problem considered by Robbins (1952), generalizing it to k arms and calling it a “k-armed bandit problem”. The name
derives from an imagined slot machine with k arms such that when an arm
is pulled the player wins a random reward. For each arm j, there is an
unknown probability distribution Πj of the reward, hence there is a fundamental dilemma between “exploration” (to generate information about
Π1 , . . . , Πk by pulling the individual arms) and “exploitation” (of the information so that inferior arms are pulled minimally). Dynamic programming
offers a systematic solution of the dilemma in the Bayesian setting but suffers from the “curse of dimensionality” as k and n increase. Gittins and
Jones (1974) and Gittins (1979) considered the discounted version of this
problem (thereby circumventing the issue of large horizon n) and showed
that the k-dimensional stochastic optimization problem has an “index policy” (which does not have the curse of dimensionality) as its solution: At
stage t, pull the arm with the largest “dynamic allocation index” (DAI)
that depends only on the posterior distribution of the reward given the
observed rewards from that arm up to stage t. The DAI is the solution
to a non-standard optimal stopping problem that maximizes the quotient
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Ej

Pτ −1
t=0


Pτ −1 t 
β t Zt /Ej
t=0 β , where Ej denotes expectation under the pos-

terior distribution of Πj of the reward Zt from arm j, given the observed
rewards from the arm up to the stopping time τ , and 0 < β < 1 is a
discount factor. Whittle (1980) provided an alternative formulation of the
DAI, which he called the “Gittins index”, in terms of a family (indexed by
a retirement reward M ) of standard optimal stopping problems (involving
Ej but not the quotient) that can be solved by dynamic programming.
We next review Lai (1987) who (a) connects UCB to generalized likelihood ratio (GLR) test statistics and to the Gittins index, and (b) shows that
the UCB rule is uniformly good and attains the asymptotic lower bound
(1.2) for the regret. He begins by considering the special case of k = 2 normal populations with means θ1 , θ2 , and variance 1, in which θ2 = 0 is known
and θ1 has a prior distribution with mean 0. In this case, the optimal rule
is to sample from Π1 until stage ñ = inf{m 6 n : m−1

Pm

i=1

yi + am,n < 0},

and then take the remaining n − ñ observations from Π2 , where am,n are
positive constants. Writing t = m/n, w(t) = (y1 + · · · + ym )/n1/2 , δ = θn1/2 ,
and treating 0 < t 6 1 as a continuous variable for large n, he approximates the Bayes stopping time for this special case by nτ̃ (h), where
τ̃ (h) = inf{t ∈ (0, 1] : w(t) + h(t) 6 0}, and shows that an asymptotically
optimal solution is the UCB rule: Sample at stage t+1 from Π1 or Π2 (with
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known mean 0) according to U1,t > 0 or U1,t 6 0, where Uj,t is the upper
confidence bound
Uj,t

n


o
−1
= inf θ : θ > θ̂j,t and I θ̂j,t , θ > t g(t/n) ,

(1.3)

(inf ∅ = ∞), I(λ, θ) is the the Kullback–Leibler information number, and
θ̂j,n is the MLE of θj based on the observations from Πj up to stage n. For
the normal case, θ̂1,n is the sample mean from Π1 , I(λ, θ) = (λ − θ)2 /2,
and h(t) = (2tg(t))1/2 . Lai (1987) has also extended the UCB rule to the
exponential family in the k-armed bandit problem: Sample at stage n + 1
from arm Πj with the largest upper confidence bound (1.3). It is also
shown in Lai (1987) that the UCB rule asymptotically minimizes the Bayes
regret as n → ∞ for a general class of prior distributions H. Although
one can in principle use dynamic programming to minimize the Bayes regret

R

Rn (θ)dH(θ), this approach is analytically and computationally in-

tractable for large n. Instead of the finite-horizon problem that involves
a given horizon n, Gittins (1979) considers the discounted infinite-horizon
R
R h P∞ i−1 i
problem of maximizing · · · Eθ
yi dν1 (θ1 ) . . . dνk (θk ), assumi=1 β
ing a discount factor 0 < β < 1 and independent prior distributions νj
on the parameter space Θ. The optimal rule samples at stage t + 1 from
the arm Πj with the largest Gittins index G(νj,t ), where νj,t is the posterior
distribution of θj based on all the observations sampled from Πj up to stage

1.2 Nonparametric extensions of classical bandit theory
t; see Whittle (1980). The index G(ν) of a distribution ν on θ is shown in
Chang and Lai (1987) to be asymptotically equivalent to the upper confidence bound (1.2) when n ∼ 1/(1 − β) and t = o(n). Lai (1987) shows that
the UCB rule also attains the Bayes regret
Z

Rn (θ)dH(θ) ∼ C(log n)2 ,

(1.4)

where C depends on the prior density function which is assumed to be
positive and continuous over θj ∈ (θj∗ − ρ, θj∗ + ρ) for 1 6 j 6 k, with ρ > 0
and θj∗ = maxi6=j θi .

1.2

Nonparametric extensions of classical bandit theory

Making use of large deviation bounds for sums of uniformly recurrent Markov
chains or mixing stationary sequences, Lai and Yakowitz (1995) have extended the logarithmic lower bound (1.2) for the regret and the UCB rule
attaining the bound to the nonparametric setting, pioneered by Yakowitz
and Lowe (1991), in which “the only observables are the cost values and
the probability structure and loss function are unknown to the designer” of
the “black-box methodology”. Assuming independent and bounded observations so that the “Chernoff-Hoeffding” large deviation bounds for their
sums can be applied, Auer, Cesa-Bianchi and Fischer (2002) have developed another nonparametric method to attain the logarithmic lower bound
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(1.2) for the regret. Instead of an UCB-type rule, they use the -greedy
randomization algorithm in reinforcement learning proposed by Sutton and
Barto (1998). Futher theoretical background and implementation details of
the algorithm will be given in Section 2.2, where we also generalize it for
our development of nonparametric contextual bandit methods.

1.3

Covariate information and parametric contextual bandits

Contextual multi-armed bandit problems, also called multi-armed bandits
with side information, refer to the case where the decision maker also observes a covariate vector xt that contains information on θj if yt is sampled
from Πj at time t. Thus, arm Πj is characterized by the conditional densities
fθj (·|xt ) for the reward yt when the arm is pulled at time t > 1. Woodroofe
(1979) was the first to consider the contextual multi-armed bandit problem
for the case of k = 2 populations and univariate xt that has distribution
H, so that fθ1 (y|x) = f (y − x − θ1 ) for some given density function f (i.e.,
fθ1 is a location family), and fθ2 (y|x) = f (y|x) does not have unknown
parameters. Assuming a prior density function on θ1 that is positive and
continuous over an open interval and is 0 outside the interval, he showed
that the myopic rule, which selects Π1 whenever xt exceeds the posterior
mean of θ1 given the observations up to time t − 1, is asymptotically op-

1.3 Covariate information and parametric contextual bandits
timal for the Bayesian discounted infinite-horizon problem of minimizing
P

∞
E
β
y
as β → 1. This result was subsequently extended to the
t−1
t
t=1
exponential family under certain regularity conditions by Sarkar (1991).
Goldenshluger and Zeevi (2009) considered the finite-horizon non-Bayesian

problem of choosing the n pulls sequentially to minimize E y1 + · · · + yn ,
assuming Π2 to be degenerate at 0 and Π1 to be normal with mean xt + θ
conditional on xt . Analogous to (1.1), they define the regret in this simple
case by
Rn (θ) = Eθ
= Eθ

X
n
t=1
X
n

φ∗t yt

−

n
X


φt yt

t=1


I{φ∗t 6=φt } |xt + θ| ,

(1.5)

t=1

where

φ∗t

= I{xt +θ>0} is the oracle policy that assumes θ to be known, and

show that the minimax regret inf φ supθ Rn (θ) can be bounded or grow to ∞
with n at various rates that depend on the behavior of ν([−θ − δ, −θ + δ])
as δ → 0. They also point out the paucity of papers on contextual bandit
theory “in contrast to the voluminous literature on traditional multi-armed
bandit problems.”
Wang, Kulkarni and Poor (2005) were the first to generalize the parametric “one-armed” contextual bandit problem to the case k = 2, for which
they proved two possibilities when the univariate covariate can only assume finitely many values: the “implicitly revealing” parameter configura-
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tion with regret of the O(1) order and other configurations for which the
regret has the order of log n. The case of more general covariates x ∈ Rp in
nonlinear regression models led Kim and Lai (2019) to develop the following general theory of parametric contextual bandits as a complete parallel
to the classical context-free case. Assume the covariate vectors xt are i.i.d.
with common distribution H. Let suppH denote the support of H, fθ (y|x)
denote the density function, depending on a parameter θ ∈ Θ of the reward
Y (with respect to some dominating measure ν on the real line) when the
covariate vector has value x, µ(θ, x) =

R

yfθ (y|x)dν(y),

j ∗ (x) = arg max µ(θj , x),
16j6k

θ∗ (x) = θj ∗ (x) ,

(1.6)

in which θj is the parameter associated with arm j. Letting Ft−1 denote
the σ-field generated by {xt } ∪ {(xs , ys ) : s 6 t − 1} and θ = (θ1 , . . . , θk ),
the problem of choosing an adaptive allocation rule φ = (φ1 , . . . , φn ) to
maximize Eθ

Pn


y
is equivalent to minimizing the regret
t
t=1

Rn (θ, B)
Z
k
n X
X
 

∗
= n µ(θ (x), x)dH(x) −
Eθ Eθ yt I{φt =j,xt ∈B} |Ft−1
B

=

k Z 
X
j=1

(1.7)

t=1 j=1


µ(θ (x), x) − µ(θj , x) Eθ τn (j, x)dH(x),
∗

B

for Borel subsets B of suppH, for which Eθ τn (j, B) :=

Pn

t=1

Pθ {φt = j, xt ∈

B} defines a measure that is absolutely continuous with respect to the
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common distribution H of the i.i.d. covariate vectors xt . Hence the term
Eθ τn (j, x) in (1.7)is the Radon-Nikodym derivative of the measure Eθ τn (j, ·)
with respect to H.
In view of the inclusion of the covariate set B in the definition (1.7) of
the regret, Kim and Lai (2019) have extended the asymptotic lower bound
(1.2) for the regret to contextual bandits as follows. An adaptive allocation
rule φ is called “uniformly good” over B ⊂ suppH if
Rn (θ, B) = o(na )

for every a > 0 and θ ∈ Θk .

(1.8)

Moreover, an analogue of I(θj , θ∗ ) in (1.2) for the contextual setting is


fθ (y|x)
I(θ, λ; x) = Eθ log
,
fλ (y|x)
(1.9)
Ix (θ, θ0 ) =

inf

λ:µ(λ,x)=µ(θ0 ,x)

I(θ, λ; x).

Note that I(θ, λ; x) is a natural extension of the Kullback–Leibler information number to conditional densities. The quantity Ix (θ, θ0 ) corresponds to
I(θ, λ; x) with the least informative λ over the surface µ(λ, x) = µ(θ0 , x).
Kim and Lai (2019) have extended (1.2) to contextual bandits under
mild regularity conditions:
Theorem 1.

(i) If j ∗ is constant over B, then

Rn (θ, B) > (1 + o(1))

X

Z
(log n)

j:pj (θ)=0

B

µ(θ∗ (x), x) − µ(θj , x)
dH(x),
Ix (θj , θ∗ (x))
(1.10)

where

P

j

over an empty set is interpreted as O(1) and pj (θ) =

Pθ {j ∗ (X) = j}, in which X ∈ Rp has distribution H.
(ii) If j ∗ is non-constant over B (i.e., B contains leading arm transitions),
then
Rn (θ, B) > C(θ)(log n)2 .

(1.11)

(iii) The adaptive allocation rule summarized in the last sentence of Section
2.2 attains the preceding asymptotic lower bounds.

2.

Theory of Nonparametric Contextual Bandits

In Section 2.1 we generalize the definition of regret (1.7) for contextual
bandits to the nonparametric setting and derive the analog of (1.10) and
(1.11) for the asymptotic lower bound of the regret. Section 2.2 develops
an adaptive allocation rule φopt whose regret has the same “minimax rate”
(which will be defined there) as that of the lower bound. After an overview
of statistical and computational tools for its implementation, Section 2.3
provides simulation studies of its performance. A synopsis of personalized medicine and recommender systems in the past two decades is given
in Supplementary Material S2, which also describes how the methodology
developed in Section 2.2 can be applied to these areas.

2.1 Lower bound of the regret over a covariate set
2.1

Lower bound of the regret over a covariate set

For the classical (context-free) multi-armed bandit problem, Lai and Yakowitz
(1995) define the regret as

Pk

j=1 (µ

∗

− µj )Eτn (j) as a natural extention of

(1.1) to the nonparametric setting, where µj is the expected reward from
arm j and µ∗ = max16j6k µj . Combining this with (1.7) for parametric
contextual bandits leads to the definition of the regret
Rn,φ (B) =

k Z
X
j=1

(µ∗ (x) − µj (x))Eτn (j, x)dH(x)

(2.1)

B

of an adaptive allocation rule φ over Borel subsets B of suppH, where
Eτn (j, x) is the Radon-Nikodym derivative of the measure Eτn (j, ·) with
respect to H. Moreover, in analogy with (1.8), we call φ “uniformly good”
over B if Rn,φ (B) = o(na ) for every a > 0. It will be shown that the nonparametric family P generating the data contains a least favorable parametric subfamily and that the regret of the adaptive allocation rule φopt
defined in the next subsection attains the minimax risk rate for this parametric subfamily under certain regularity conditions on P. Details and the
background literature for this approach are given in Supplementary Material S1.

2.2 -greedy randomization and arm elimination
2.2

-greedy randomization and arm elimination

The UCB rule in Section 1.1, introduced by Lai (1987) to approximate
the index policy of Gittins and Whittle in classical (context-free) parametric multi-armed bandits, basically samples from an inferior arm until the
sample size from it reaches a threshold define by (1.3) involving the Kullback–Leibler information number. For contextual bandits, an arm that is
inferior at x may be best at another x0 . Hence the index policy that samples at stage t from the arm with the largest upper confidence bound (which
modifies the sample mean reward by incorporating its sampling variability
at xt ) can be improved by deferral to future time t0 when it becomes the
leading arm (based on the sample mean reward up to time t0 ), as shown for
contextual parametric bandits by Kim and Lai (2019, Section III) who propose to use the -greedy randomization algorithm in reinforcement learning
(Sutton and Barto, 1998), which we generalize to nonparametric contextual
bandits as follows. Let Kt denote the set of arms to be sampled from and
n
o


Jt = j ∈ Kt : µ̂j,t−1 xt − µ̂∗t−1 xt 6 δt ,

(2.2)

where µ̂j,s (·) is the regression estimate (which will be described in the
next paragraph) of µj (·) based on observations up to time s, µ̂∗s (·) =
maxj∈Ks µ̂j,s (·), and δt lumps treatments with effect sizes close to that of
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the apparent leader into a single set Jt . At time t, choose arms randomly
with probabilities πj,t = /|Kt \ Jt | for j ∈ Kt \ Jt and πj,t = (1 − )/|Jt |
for j ∈ Jt , where |A| denotes the cardinality of a finite set A. The set Kt is
related to the arm elimination scheme described later.
Ibragimov and Has’minskii (1981) and Begum et al. (1983) have introduced the theory of information bounds and minimax risk into nonparametric or semiparametric (i.e., parametric for the parameters of interest
and infinite-dimensional nonparametric nuisance parameters). This is also
closely related to the least favorable parametric subfamily of the nonparametric family P introduced by Stein (1956) and Bickel (1982). Fan (1993)
has shown that local polynomial regression has minimax risk rate for univariate regressors; see also Hastie and Loader (1993) and Fan and Gijbels
(1996) for subsequent developments, including Ruppert and Wand (1994)
who have extended local linear regression to multivariate regressors.
Arm Elimination. Choose ni ∼ ai for some interger a > 1. For ni−1 <
t 6 ni , eliminate surviving arm j if
µ̂j,t−1 (xt ) < µ̂∗t−1 (xt ) and ∆j,t−1 > g(nj,t−1 /ni ),

(2.3)

where nj,s = Ts (j), g is given in (1.3) and ∆j,t−1 is the square of the Welch
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statistic based on {(x` , y` ) : 1 6 ` 6 t − 1}, i.e.,

∆j,t−1 =



2

µ̂j,`−1 (x` ) − µ̃j,`−1 (x` )
+
I{φ` =j} 
2 
2 ,
`=1
y` − µ̂j,`−1 (x` ) + y` − µ̃j,`−1 (x` )

t−1
X

(2.4)

in which at = max(a, 0) and µ̃j,s (·) = maxj 0 ∈Ks µ̂j 0 (·) if j ∈ Ks \ Js , which
corresponds to the local linear regression estimate of µj (·) under the null
hypothesis Hj,s , under which µ̃j,s (·) = µ̂j,s (·) if j ∈ Js . This adaptive
allocation procedure will be denoted by φopt .
Note that (2.4) is the nonparametric analog of the generalized likelihood
rate (GLR) statistic for testing Hj,t in parametric models described in this
penultimate paragraph of Section 1.3, for which Kim and Lai (2019, Section
III) replace (2.2) by
o
n
∗
Jt = j ∈ Kt : µ(θ̂j,t−1 , xt ) − µ(θ̂t−1
(xt ), xt ) 6 δt
and (2.4) by
∆j,t−1 =

t−1
X


.

I{φt =j} log fθ̂j,`−1 y` |x` fθ̃j,`−1 y` |x` ,

(2.5)

`=1

letting θ̂j,`−1 (respectively, θ̃j,`−1 ) be the MLE (respectively, constrained
MLE under the constraint µ(θj , x` ) > maxj 0 ∈K` \{j} µ(θ̂j 0 ,`−1 , x` ) for 1 6 ` 6
t − 1) and using the same notation as in (1.6) and (1.9).

2.3 Asymptotic efficiency and simulation study of performances
2.3

Asymptotic efficiency and simulation study of performances

The adaptive allocation procedure in the preceding subsection, using (a)
nonparametric local linear regression estimate µ̂j,s (·) of µs (·) in (2.1), (b) greedy randomization to sample from the set Kt of surviving arms, and (c)
the arm elimination rule define by (2.3) and (2.4), has regret that attains
the rate of the minimax risk under certain regularity conditions on P that
are given in the Supplementary Material S1, which also gives the proof of
the following.
Theorem 2. Under the regularity conditions and the choice of bandwidth
for (µ̂j,s (·) − µ̃j,s (·))+ given in S1, φopt attains the asymptotic minimax rate
(as n → ∞) of the risk functions for adaptive allocation rules.
The background of minimax risk in asymptotic statistical decision theory will be given in S1 and then applied to the proof of Theorem 2. We also
report a simulation study of performances of φopt , using “binned” regression
estimate and local linear regression estimate of µs (·) respectively.
We simulate a bandit consisting of six arms with their means being
horizontally shifted sine functions. Given xt , arm i follows a normal distri
bution with mean µi (xt ) = sin xt + 6i π , where i = 0, . . . , 5, and standard
deviation 0.1. The mean reward functions are shown in Figure 1.

2.3 Asymptotic efficiency and simulation study of performances

Figure 1: Mean Reward Function of Arms
We test three policies in this simulation study. The first policy we pick is
UCBogram by Rigollet and Zeevi (2010), which estimates µs (·) by “binned
regression” and adopt UCB for each bin. We denote this policy by φbin .
The second policy we simulate is φbin
opt where we replace UCB by -greedy
randomization and the arm elimination rule. The process of φbin
opt learning
reward functions is shown in Figure 2. Finally we replace the “binned”
regression by local linear regression, and denote this policy by φopt .
The simulation is run for a horizon N = 30000. For each t = 1, . . . , 30000,
xt is simulated from the uniform distribution between (−2, 2). The number
bin
of bins for both φbin
is 60. The regrets over time of three policies
opt and φ

Figure 2: Fitting Reward Functions
are shown in Figure 3.

Figure 3: Cumulative Regrets of φbin , φbin
opt and φopt

3.

High-dimensional Covariates and Concluding Remarks

Supplementary Material S3 gives an overview of machine learning for recommender systems and personalization technologies in the current Big Data

and Multi-cloud era, after extending the nonparametric contextual bandit theory in Section 2 (dealing with the case of fixed p and large n) to
high-dimensional covariates for which p = pn may exceed n. In this connection it also reviews the work of Birgé and Massart (1993), Shen and
Wong (1994), Yang and Barron (1999), Yang and Tokdar (2015) on the
information-theoretic approach to minimax rates of convergence that provides a powerful method to tackle high-dimensional covariates.
In conclusion, multi-armed bandits with “side information” or covariates, also called contextual multi-armed bandits arise in many fields of
applications, in which the development of personalized strategies or recommender systems has its statistical underpinnings in the theory of contextual
multi-armed bandits. We have developed herein a comprehensive theory of
contextual multi-armed bandits and derived new results on nonparametric contextual bandits and extended them to high-dimensional covariates,
which are of particular interest in the current Big Data and Multi-Cloud
era.
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MULTI-ARMED BANDITS WITH COVARIATES:
THEORY AND APPLICATIONS

Microsoft Corporation and Stanford University

Supplementary Material

S1

Background literature and proof of Theorem 2

We have summarized in the second paragraph of Section 2.2 some background literature on local linear regression estimate of µj (·) in the regret
(2.1) and the associated minimax risk. We want to add here the works
of Yang and Zhu (2002) and Rigollet and Zeevi (2010) who consider local
polynomials of degree 0 (i.e., piecewise constant or “binned” regression estimates), and subsequent work along this line by Perchet and Rigollet (2013).
We need to emphasize upfront a major difference between our method (in
particular, ∆j,t−1 defined by (2.4)) and these previous approaches to contextual bandits via nonparametric classification and regression (involving
minimax estimation of µj (·) for j = 1, 2, . . . , k). As pointed out in the last
sentence of that section, ∆j,t−1 originated from the GLR statistic (2.5) in
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parametric contextual bandits reviewed in Section 1.3, where Theorem 1
provides a definitive result on the asymptotic lower bound for the regret
and attainment of that bound by using -greedy randomization and arm
elimination. Since (µ̂j,`−1 (x` ) − µ̃j,`−1 (x` ))+ is the key ingredienct in (2.4),
contextual bandits should consider estimation of (µj (·) − maxj 0 6=j µj 0 (·))+ ,
instead of µj (·), 1 6 j 6 k in the previous methods. This approach yields
that if µj (·) exceeds maxj 0 6=j µj 0 (·) by a substantial amount over a covariate set B ⊂ suppH as in Theorem 1(i), then the regret over B is of order
O(log n). On the other hand, if B contains leading arm transitions for which
it is difficult to distinguish locally two leading arms j and j 0 , then the regret is of O((log n)2 ) under smoothness conditions on µj (·) − µj 0 (·). Perchet
and Rigollet (2013, p.695) have actually introduced an “adaptively binned
successive elimination (ABSE)” procedure to “partition the space of covariates in a fashion that adapts to the local difficulty of the problem: cells are
smaller when different arms are hard to distinguish and bigger when one
arm dominates the other”, which seems to be similar to our approach. On
the other hand, the regret rate of ABSE which is claimed in their Section 5
to be “optimal in a minimax sense” (of nonparametric k-class classification
due to Audibert and Tsybakov, 2007) differs from the minimax rate over
B ⊂ suppH in Theorem 2 on the asymptotic statistical decision problem
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associated with nonparametric contextual k-armed bandits.
Choice of bandwidth in Theorem 2. For univariate covariates (p = 1),
Fan (1993) has shown that the bandwidth choice bn ≈ n−1/5 for the local
linear regression estimate
m̂(x) =

n
X


X
n 
−2
w` (x)y`
w` (x) + n

`=1

of a regression function m(x) =

(S1)

`=1

R

yf (y|x)dν(y), based on a random sample

(x` , y` ), 1 6 ` 6 n, from a distribution with unknown conditional density
function f (·|x) with respect to some measure ν, yields asymptotically minimax rates for mean squared errors, where ≈ denotes the same order of
magnitude (i.e., c1 n−1/5 6 bn 6 c2 n−1/5 for some constant c1 < c2 ). The
weights w` (x) in (S1) are given by
n
X
 
 
j
w` (x) = K (x−x` bn sn,2 −(x−x` )sn,1 , sn,j =
K (x−x` ) bn x−x`
`=1

for j = 0, 1, 2, in which K > 0 is a kernel function (i.e.,

R∞
−∞

K(u)du =

1). For multivariate covariates x` , Ruppert and Wand (1994) define the
n × (p + 1), (p + 1) × 1,

1


1

An (x) = 
 ..
.


1

and n × 1 matricies


 
 
T
T
x 1 − x 
1
 y1 


 
 
 T

 
 
x 2 − x T 
0
 y2 


 
 

 , e =   , Yn =   ,


 .. 
 .. 
..


.
.
.


 
 


 
 
T
T
xn − x
0
yn

(S2)
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and the p × p bandwidth matrix Bn = diag(b1n , . . . , bpn ) so that
h
i−1
m̂(x) := eT An (x)Wn (x)An (x) ATn (x)Wn (x)Yn

(S3)

is the local linear regression estimate of m(x) := E(Y |x), in which Wn (x) =

1/2 
diag Kn (x1 − x), . . . , Kn (xn − x) , where Kn (u) = |Bn |−1/2 K Bn u
and K is a bounded kernel such that

R

uuT K(u)du ∝ Ip when certain

regularity conditions are satisfied; see Ruppert and Wand (1994, p.1349–
1350). Hence Fan’s argument can be extended to multivariate covariates
by choosing bin ≈ n−1/5 for i = 1, . . . , p.
Choice of δt in (2.2) and regularity conditions in Theorem 2. Kim and
Lai (2019) choose δt > 0 such that δt2 = 2 log t)/t, which they use to prove
Theorem 1(iii) given in Section 1.3 above. As will be shown in the proof of
Theorem 2 in the next paragraph, this choice also works for nonparametric
contextual bandits for which it is particularly effective in the vicinity of
leading arm transitions. We next state the regularity conditions, which
relax somewhat those of Ruppert and Wand (1994, p.1349–1350) and Fan
(1993, p.199, in the simpler case p = 1), for Theorem 2:

(a) The common distribution H of the i.i.d. covariate vectors xt has a positive density function f (with respective to Lebesgue measure) which
is continuously differentiable on a hyperrectangle in Rp .

S1. BACKGROUND LITERATURE AND PROOF OF THEOREM 25


(b) m is twice continuously differentiable and σ 2 (x) := Var Y |x is positive and continuous on suppH (i.e., the hyperrectangle in (a)).
(c) The bounded kernel K is continuous and
r > 1,

R

R

|u|r K(u)du < ∞ for all

ui K(u)du = 0 for i = 1, . . . , p.

Least favorable parametric subfamily and nonparametric minimax rates
in asymptotic decision theory. In Section 2.1 we have mentioned the least
favorable parametric subfamily approach to deriving lower bounds for the
risk functions in statistical decision problems. This idea dated back to
Stein (1956), and Bickel (1982) gave a review of the developments in adaptive estimation during the twenty-five years after Stein’s seminal work on
the problem of “estimating and testing about a Euclidean parameter θ, or
more generally, a function q(θ) in the presence of an infinite-dimensional
nuisance parameter G” so that θ or q(θ) can be estimated nonparametrically (without knowledge of G) as well asymptotically as knowing G. Begun
et al. (1983) develop these lower bounds for semiparametric estimation of a
finite-dimensional (multivariate) parameter θ in the presence of an infinitedimensional nuisance parameter G via “representation theorems (for regular estimators) and asymptotic minimax bounds”. In particular, they apply
this approach to prove the efficiency of Cox regression for censored data in
the proportional hazards model for survival analysis. Lai and Ying (1992)
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consider rank estimators in the usual regression model when the observed
responses are subject to left truncation and right censoring, for which they
extend the asymptotic minimax bounds of Begun et al. (1983) by making
use of (a) the martingale structure of left truncated and right censored data
and martingale central limit theorem, (b) quadratic-mean differentiability
of the hazard function, and (c) the Hájek convolution theorem for regular estimators in parametric submodels of the nonparametric model for G.
To estimate a regression function that satisfies regularity conditions of the
type in the preceding paragraph, Fan (1993) shows that the local linear
estimator introduced therein attains asymptoticlly minimax rates in the
sense that the minimax risk (Bickel, 1982; Pinsker, 1980; Donoho, Liu and
MacGibbon, 1990) has order ≈ n−4/5 whereas the local linear estimator has
minimax risk of the order n−4/5+o(1) ; Fan considers the univariate case p = 1
and mean squared error as the risk function.
Exponential bounds for self-normalized statistics. Exponential bounds
have been established for the GLR statistics (2.5), which are self-normalized,
in parametric models; see de la Peña, Lai and Shao (2009, p.207–210, 216).
The Welch statistics (2.4) in the nonparametric setting are generalized Studentized (and therefore self-normalized) statistics, for which exponential
bounds hold and play an important role in the proof of Theorem 2.
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Minimax theorem and asymptotic decision theory. Whereas the asymptotic minimax rates of the background literature reviewed in the preceding
paragraphs are stated in terms of nonparametric regression or classification,
the nonparametric contextual k-armed bandit problem is actually about
asymptotically minimax statistical decision rules for sequential selection
(rather than estimation or classification) from k given arms as described
in Section 2.1; see Strasser (1985, p.238–242, 308–327) for an overview of
asymptotic statistical decision theory and minimax decision rules. A subtle
point is that the minimax bounds and statistical decision theory in this and
preceding references are for samples of fixed size n, hence the asymptotic
rates associated with n → ∞, whereas adaptive allocation in multi-armed
bandits is a sequential decision problem as we have already reviewed in
Section 1. A key to bridge the differences between the fixed-sample and
sequential theories is provided by Kim and Lai (2019). It is summarized
in Section 2.2 that describes the sequential Arm Elimination procedure as
follows: Choose ni ∼ ai for some integer a > 1, let nj,t−1 = Tt−1 (j) and
eliminiate surviving arm j at time t ∈ {ni−1 + 1, . . . , ni } if (2.3) holds, in
which ∆j,t−1 is the GLR statistic (2.5). This idea actually dates back to
Lai (1987, p.1100-1103) in the proof of his theorem that the Bayes risk of
UCB rules (with respect to general prior distributions H on θ) satisfies
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(1.4). For contextual parametric bandits, H is a distribution on the covariate space (instead of a prior distribution on θ), and Kim and Lai (2019)
basically modifies the aforementioned argument of Lai (1987) to derive a
similar result.
Proof of Theorem 2. Consider the regret (2.1) over B ⊂ suppH as the
risk function of the statistical decision problem of sequential selection of k
given arms as mentioned in the preceding paragraph, in which it is pointed
out that ni ∼ ai plays the role of the fixed sample size in the asymptotic
minimax rates for local linear regression estimates of µj (·). We first explain
the choice δt2 = (2 log t)/t and why it is “particularly effective in the vicinity
of leading arm transitions”, as mentioned in the paragraph on the regularity
conditions for Theorem 2. Note that (2.2) lumps treatments whose effect
sizes are close to that of the apparent leader into a single set Jt of leading
arms j ∈ Jt for which µ̃j,t−1 (·) = µ̂j,t−1 (·) (and therefore ∆j,t−1 = 0 in view
of (2.4)). Such lumping is particularly important when the covariates are
near leading arm transitions at which a leading arm can transition to an
inferior one due to transitions in the covariate values. Because of the stated
regularity conditions, the transition does not change its states as a member
of the set of leading arms so that the -greedy randomization algorithm still
chooses it with probability (1 − )/|Jt |. For parametric contextual bandits,
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Kim and Lai (2019) choose ni ∼ ai for some integer a > 1 and consider
ni−1 < t 6 ni . For j ∈ Kt , θ̂j,t−1 and θ̃j,t−1 are based on samples of size ni .
Combining this with the expcted time for elimination of arm j ∈ Kt \ Jt
shows that the parametric version of φopt (with (2.5) replacing (2.4)) attains
the asymptotic lower bounds in Theorem 1(i), (ii). As pointed out in the
preceding paragraph, the details of the proof basically modifty those of Lai
(1987, p.1100–1103).
Nonparametric contextual bandits are much more difficult because the
sample size of the local linear regression estimate (µ̂j,t−1 (·) − µ̃j,t−1 (·))+
4/5

for ni−1 < t 6 ni and j ∈ Kt is of the order ni
−1/5

width has order ni

for univariate covariates as in Fan (1993), or if

−1/5

b1ni ≈ · · · ≈ bpni ≈ ni

if the selected band-

for multivariate covariates with bandwidth ma-

trix Bni = diag(b1ni , · · · , bpni ) as in Ruppert and Wand (1994). It is not
possible to obtain precise lower bounds of the type in Theorem 1(i) and (ii)
and to attain these bounds using φopt (with (2.5) instead of (2.4)). Instead
of the p-dimensional parametric family considered by Kim and Lai (2019),
we use a cubic spline with evenly spaced knots (with the bandwidth as
the spacing) in the univariate case and tensor product of these univariate
splines for multivariate covariates. Details are give in the next paragraph.
In conjunction with this parametric choice of m(x), we also use the true
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density function of (y − m(x)) σ(x) (Ruppert and Wand, 1994, p.1347) to
define a parametric subfamily. It will be shown in the next paragraph that
the minimax risk, under this parametric subfamily, of sequential selection
of k arms up to time horizon n is of order n4/5 and that φopt has minimax
risk of order n4/5 + o(1) under the regularity conditions of Theorem 2. This
proves that the parametric subfamily is least favorable and that φopt attains
the minimax rate of the risk function for adaptive allocation rules.
Minimax risk is the minimum (over all adaptive allocation rules) of the
worse-case (or maximum) risk over Borel subsets B of suppH, which occurs
around leading arm transitions. For the parametric subfamily in Theorem
1, the minimax risk is of order (log n)2 and is attained by φopt with (2.5)
replacing (2.4). For the parametric subfamily in the preceding paragraph,
because the spacing between the knots of the cubic spline for the regression
function is of order n−1/5 , a straightforward modification of the argument
in the proof of Theorem 1(ii) can be used to show that the minimax risk is
of order n4/5 . Moreover, combining this argument with those of Fan (1993)
and Ruppert and Wand (1994) shows that φopt has minimax risk of order
n4/5+o(1) under the regularity conditions (a), (b), and (c) listed above.

S2. PERSONALIZATION REVOLUTION AND NONPARAMETRIC
CONTEXTUAL BANDITS11

S2

Personalization revolution and nonparametric contextual bandits

S3

Information-theoretic minimax rates and machine
learning for applications in Big Data Era

Birgé and Massart (1993) and Shen and Wong (1994) have derived convergence rates of minimum contrast estimators and sieve MLE or other sieve
estimators obtained by optimizing some empirical criteria. As noted by
Shen and Wong (1994, p.581), the rate derived has not been proved to be
optimal “although it coincides with the known optimal rate in several special cases of density estimation and nonparametric regression.” Yang and
Barron (1999) subsequently proved general results to determine minimax
rates for the risk in density estimation using global measures of loss such
as integrated squared error, squared Hellinger distance or Kullback–Leibler
divergence, by applying information theory such as Fano’s inequality; see
Yu (1996), Cover and Thomas (2006, p.38–40, 146–153). The problem of
minimax rates for the risk in nonparametric regression, however, is much
more difficult than density estimation, and was solved by Yang and Tokdar
(2015) that we review in the next paragraph.
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To estimate the regression function µ(·) nonparametrically from the
regression model

yt = β + µ(xt ) + t , 1 6 t 6 n,

(S4)

in which t are i.i.d. with mean 0 and variance σ 2 and are independent
of the i.i.d. xt ∈ Rp with p = pn such that Eµ(xt ) = 0, Yang and Tokdar (2015, p.653, 657) make the following assumption M3 on the regression
function µ(·) and assumption Q on the common distribution H of the xt .
Assumption M3 : µ ∈ L2 (H) depends on d ≈ min(nγ , pn ) variables for some
0 < γ < 1 and is generated from a generalized additive model (Hastie and
Tibshirani, 1986) such that the `th summand in the additive representation
of µ(·) depends on a small number d` of these variables, precise details of
which will be stated using the notation of the next paragraph.
Assumption Q: H is compactly supported, hence it can be assumed without
loss of generality that suppH ⊂ [0, 1]p . Moreover, H is absolutely continuous with respect to Lebesgue measure on [0, 1]p with density function h
such that q̄ := supx h(x) < ∞ and there exist q > 0 and δ > 0 such that
inf x:|xi −1/2|6δ,∀i h(x) > q.
To state their main result under these assumptions, they have introduced the following notation in their Section 2. Let C α,d denote the Banach

S3. INFORMATION-THEORETIC MINIMAX RATES AND MACHINE
LEARNING FOR APPLICATIONS IN BIG DATA ERA13

space of Hőlder α-smooth functions f on [0, 1]d with the norm
||f ||α =

X

||Da f ||∞ +

Dbαc f (x) − Dbαc f (y)

max

x6=y∈[0,1]d

a6α

.

||x − y||α−bαc ,

a

where Da = ∂ a /∂xa11 . . . ∂xpp for a = a1 + . . . ap such that each ai is a
nonnegative integer. Let C1α,d denote the unit ball of C α,d . For b = b1 +
· · · + bp such that bi ∈ {0, 1} for 1 6 i 6 p, define T b : C(Rb ) → C(Rp ) by
(f (xi ), bi = 1) 7→ (T b f )(x) for x ∈ Rp , and let


[

Σp (λ, α, d) =


Z

 \ 
α,d
p
T λC1
f ∈ C([0, 1]) ) : f (x)dx = 0
b

bi ∈{0,1}:b1 +···+bp =d

be the space of centered elements of C([0, 1]p ) that are α-smooth functions
with sparsity d and bound λ. With this notation, Yang and Tokdar (2015,
p.655) define the sparse additive representation of µ in Assumption M3
as µ =

PL

`=1

`

λ` T b f` , where f` ∈ C1α` ,d` and b1 , . . . , bL ∈ {0, 1} such that

¯ Their Theorem 3.1 states that there exist 0 < c1 < 1 <
b1 + · · · + bL 6 d.
¯ max16`6L λ` , min16`6L λ` ,
c2 and positive integer n0 , all depending on d,
max` α` , min` α` , max` d` such that
c1 2n 6 inf

µ̂∈An

2n

=

L
X

λ2`

`=1

¯2n =

L
X
`=1

sup
¯
µ∈Σdp,L (λ,α,d)

Eβ,σ,H ||µ̂ − µ|| 6 c2 ¯2n , where
σ2
+
n

X
L

−4α` /(2α` +d` ) σ
√
nλ` /σ
+
n

X
L

√

nλ` /σ

−4α` /(2α` +d` )

2

λ2`


d`

`=1

`=1

 .X

L
d` ,
log p

(S5)

`=1


d`

 .

log p min d` .
16`6L

In (S5) An is “the space of all measurable mappings of data to L2 (H)”,
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Eβ,σ,H denotes expectation under the model E yt |xt = β, Var yt |xt = σ 2

¯
and xt ∼ H, and Σdp,L λ, α, d consists of µ ∈ Σp (λ, α, d) that satisfies the
aforementioned sparse additive representation µ =

PL

`=1

`

λ` T b f ` .

Assumption M3 with the sparse additive representation “offers a platform to break away from (previously assumed and overly restrictive) sparsity conditions” in the literature, as have been assumed by Raskutti, Wainwright, Yu (2012) and others who are inspired by variable selection such as
the Lasso and the Dantzig selector for high-dimensional sparse regression to
assume that µ depends on a small subset of d predictors with d 6 min(n, p).
This corresponds to the special case L = 1 = d¯ in (S5), in which the second
summand in 2n or ¯2n is “the typical risk associated with variable selection
uncertainty” and the first summand is the “minimax risk of estimating a
d-variate, α-smooth regression function when there is no parameter uncertainty”; see Remark 3.3 of Yang and Tokdar (2015, p.658) who point out
the implication of (S5) that in this case “meaningful statistical learning is
possible only when the true number of important predictors is much smaller
than the total predictor count”.
For the application to contextual nonparametric k-armed bandits with
high-dimensional covariates, we choose ni ∼ ai for some integer a > 1 and
use Yang and Tokdar’s minimax-optimal nonparametric regression estimate

ADDITIONAL REFERENCES15
µ̂j,t−1 (·) (or the constrained estimate µ̃j,t−1 (·)) of µj (·) for ni−1 < t 6 ni
and j = 1, . . . , k. Under assumptions Q on H and M3 on µj for j =
1, . . . , k, with the sparse additive representation µj =

PL

`=1

`

λj` T bj f` , in

which b1j , . . . , bLj ∈ {0, 1}, λj` and βj depend on j (where α, L and d¯ can
be assumed to be applicable to all k arms), it follows from (S5) that we
still have the ingredients of the proof of Theorem 2 given in the last part
of S1. Hence the argument used there for fixed p can be modified via (S5)
to extend it to the case of high-dimensional covariates under assumptions
M3 and Q.
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